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Molecular dynamics ChE210D 

Today's lecture: how to evolve a system of classical atoms in time using numerical 

approximations to Newton’s equations of motion. 

Background 

Time evolution by Newton’s equations 

The time evolution of an atomic system is deterministic and described by Newton’s equations: 

𝑑𝐩𝑖

𝑑𝑡
= −

𝑑𝑈(𝐫𝑁)

𝑑𝐫𝑖
 

Alternatively, 

𝑚𝑖

𝑑2𝐫𝑖

𝑑𝑡2
= −

𝑑𝑈(𝐫𝑁)

𝑑𝐫𝑖
 

Notice that Newton’s equations describe a set of 3𝑁 second-order, nonlinear, coupled partial 

differential equations for the coordinates of all of the atoms.  In this lecture, we will determine 

numerical approximations to solutions to these equations.  

Newton’s equations conserve total energy: 

𝑑𝐻

𝑑𝑡
= ∑

𝑑𝑈

𝑑𝐫𝑖

𝑑𝐫𝑖

𝑑𝑡
+ ∑

𝑑

𝑑𝑡
(

𝐩𝑖
2

2𝑚𝑖
) 

= ∑ (
𝑑𝑈

𝑑𝐫𝑖

𝑑𝐫𝑖

𝑑𝑡
+

𝐩𝑖

𝑚𝑖

𝑑𝐩𝑖

𝑑𝑡
)       combining the sums 

= ∑ (
𝑑𝑈

𝑑𝐫𝑖

𝑑𝐫𝑖

𝑑𝑡
+

𝑑𝐫𝑖

𝑑𝑡

𝑑𝐩𝑖

𝑑𝑡
)       using the fact that 𝐩𝑖 = 𝑚𝑖

𝑑𝐫𝑖

𝑑𝑡
 

= ∑
𝑑𝐫𝑖

𝑑𝑡
(

𝑑𝑈

𝑑𝐫𝑖
+

𝑑𝐩𝑖

𝑑𝑡
) 

= ∑
𝑑𝐫𝑖

𝑑𝑡
× 0 = 0                     using Newton's law 

𝑑𝐩𝑖

𝑑𝑡
= −

𝑑𝑈

𝑑𝐫𝑖
 

Newton’s equations also conserve net linear momentum: 

𝑑

𝑑𝑡
∑ 𝐩𝑖 = ∑

𝑑𝐩𝑖

𝑑𝑡
 

= ∑ −
𝑑𝑈

𝑑𝐫𝑖
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= ∑ 𝐟𝑖 

= 0 

This is a form of Newton’s third law, which says that for every force a particle exerts on another, 

there is an equal and opposite force.  It can also be shown that these equations conserve net 

angular momentum. 

Importantly, Newton’s equations of motion are time reversible.  That is, if we start at one mi-

crostate 𝑚 and proceed to another one 𝑛 in time Δ𝑡, then reversing all of the atomic momenta 

at 𝑛 and proceeding according to Newton’s equations for Δ𝑡 will take us along the exact trajec-

tory back to 𝑚.  We can see time reversibility by defining new coordinates: 

𝐩′ = −𝐩 

𝑡′ = −𝑡 

Plugging back into Newton’s equations, 

−𝑑𝐩𝑖
′

−𝑑𝑡′
= −

𝑑𝑈(𝐫𝑁)

𝑑𝐫𝑖
 

The two negatives cancel, leaving the same equation. 

Lagrangian and Hamiltonian formulations of the equations of motion 

While Newton’s equations are valid for Cartesian coordinates, a more general formulation of 

classical mechanics enables us to develop equations of motion for any coordinate system.   

Let 𝐪𝑁 and 𝐩𝑁 be generalized atomic coordinates and conjugate momenta.  The coordinates 

could be Cartesian, 𝐪𝑁 = (𝑥1, 𝑦1, 𝑧1, … ) in which case the momenta conjugate to them would be 

𝐩𝑁 = (𝑝𝑥,1, 𝑝𝑦,1, 𝑝𝑧,1, … ).   

Alternatively, the coordinates could be spherical, 𝐪𝑁 = (𝑟1, 𝜃1, 𝜙1, … ) and the conjugate mo-

menta would be 𝐩𝑁 = (𝑝𝑟,1, 𝑝𝜃,1, 𝑝𝜙,1, … ).  What are the equations of motion for this coordinate 

set?  We could derive it by transforming Newtons’ equations.  More informatively, we can use 

the Lagrangian formulation of classical mechanics: 

ℒ(𝐪𝑁, �̇�𝑁) = 𝐾(�̇�𝑁) − 𝑈(𝐪𝑁) 

Here, the Lagrangian is a function of the generalized coordinates and their time derivative.  The 

kinetic energy is expressed as a function of the derivative and the potential energy as a function 

of the coordinates themselves. 
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Using the Lagrangian, the equations of motion for any coordinate set are given from the condi-

tion: 

𝑑

𝑑𝑡

𝜕ℒ

𝜕�̇�𝒊
=

𝜕ℒ

𝜕𝐪𝑖
 

For example, in Cartesian coordinates �̇�𝑁 = 𝐯𝑁 and 𝐪𝑁 = 𝐫𝑁, 

ℒ(𝐫𝑁, 𝐯𝑁) = ∑
𝑚|𝐯𝑖|2

2
− 𝑈(𝐫𝑁) 

and the equations of motion are: 

𝑑

𝑑𝑡

𝜕ℒ

𝜕𝐯𝑖
=

𝜕ℒ

𝜕𝐫𝑖
 

𝑑

𝑑𝑡
 𝑚𝐯𝑖 = −

𝜕𝑈(𝐫𝑁)

𝑑𝐫𝑖
 

The Lagrangian formulation has important advantages over the Cartesian Newtonian formula-

tion.  Importantly, it generalizes principles that have deep connections with quantum mechanics.   

An alternative to the Lagrangian formulation is the Hamiltonian formulation of the equations of 

motion.  The major distinction is that the latter uses the conjugate momenta 𝐩𝑁 instead of the 

coordinate time derivatives �̇�𝑁: 

𝐻(𝐪𝑁, 𝐩𝑁) = 𝐾(𝐩𝑁) + 𝑈(𝐪𝑁) 

Here, as we have seen before, the Hamiltonian simply returns the total energy of the system.  

Mathematically, the Hamiltonian is a Legendre transform of the Lagrangian. 

With these generalized coordinates, the equations of motion can be expressed as: 

𝜕𝐩𝑖

𝜕𝑡
= −

𝜕𝐻

𝜕𝐪𝑖
              

𝜕𝐪𝑖

𝜕𝑡
=

𝜕𝐻

𝜕𝐩𝑖
 

In Cartesian coordinates, 𝐪𝑁 = 𝐫𝑁 and: 

𝜕𝐩𝑖

𝜕𝑡
= −

𝜕𝑈

𝜕𝐫𝑖
              

𝜕𝐫𝑖

𝜕𝑡
=

𝜕𝐾

𝜕𝐩𝑖
 

𝜕𝐩𝑖

𝜕𝑡
= −𝐟𝑖               

𝜕𝐫𝑖

𝜕𝑡
=

𝐩𝑖

𝑚𝑖
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The LHS is just Newton’s law and the RHS gives the relationship between the momentum and the 

velocity. 

Why should we care about these alternate formulations of classical mechanics if we can always 

perform simulations in Cartesian space and thus use Newton’s equations?   

• It turns out that we do not always perform simulations in Cartesian space—for example, 

systems with rigid bonds present require special treatment.   

• The introduction of various thermostats and barostats are rigorously treated using these 

formulations, as we shall see in a later lecture.   

• Statistical mechanics relies on the Hamiltonian formulation as it is the generalized coor-

dinates in which one can most easily construct the classical statistical mechanical inte-

grals. 

Phase space 

The concept of phase space is often discussed with regards to simulation.  Phase space denotes 

a 6𝑁 dimensional space in which there is an axis for every position and every conjugate momen-

tum.  In Cartesian coordinates, this means there are 𝑥, 𝑦, 𝑧 and 𝑝𝑥, 𝑝𝑦, 𝑝𝑧 axes for each atom.  A 

single microstate corresponds to a point in phase space. 

The time-evolution of a system can be described as a trajectory through phase space.  For classi-

cal systems, the energy is conserved and the phase space trajectory adheres to a surface of con-

stant energy.   

Systems that are ergodic and able to reach equilibrium are able to explore all parts of phase space 

that have the same energy as the constant total.  That is, the trajectory of an ergodic system will 

visit all points in phase space on the constant energy hypersurface with equal probability.  Sys-

tems that are non-ergodic have parts of phase space that are said to be inaccessible.  This means 

that the system is not able to explore the complete constant energy surface in the time scales of 

interest. 

Technically, in simulation we can never explore exhaustively all accessible regions of phase space.  

However, we can explore a subset of the accessible regions that are statistically identical or that 

are representative.  In this sense, our simulations can be ergodic and reach equilibrium. 

A differential volume element in phase space is a very small region of 6𝑁-dimensional volume 

that spans differential elements 𝑑𝐫𝑁𝑑𝐩𝑁 = 𝑑𝑥1𝑑𝑦1 … 𝑑𝑧𝑁𝑑𝑝𝑥,1𝑑𝑝𝑦,1 … 𝑑𝑝𝑧,𝑁. 

Configuration space is the subset of phase space corresponding to the 3𝑁 variables 𝐫𝑁. 
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Microcanonical ensemble and density function 

Isolated systems at equilibrium correspond to the microcanonical ensemble.  This is the natural 

setting for microscopic evolution per Newton’s equations of motion.  These systems do not in-

teract with the outside world and rigorously maintain constant values of total energy 𝐸, volume 

𝑉, and number of atoms 𝑁. 

Consider starting an isolated system in a particular microstate.  As the system evolves and ap-

proaches equilibrium, the total energy 𝐸 remains constant, at the same value that it had for the 

initial microstate.  The principle of equal a priori probabilities then states that the system will 

ultimately visit all of the microstates with that value of 𝐸 with the same frequency.  That is, the 

system will spend an equal amount of time in each of its microstates with the same energy. 

The function Ω(𝐸, 𝑉, 𝑁) counts the number of microstates for 𝑁 atoms in volume 𝑉 that have 

energy 𝐸, and is called the density of states or microcanonical partition function.  It is specific 

to the particular system or substance of interest.  For classical systems, it is given by 

Ω(𝐸, 𝑉, 𝑁) =
1

ℎ3𝑁𝑁!
∫ ∫ … ∫ 𝛿[𝐻(𝐩𝑁 , 𝐫𝑁) − 𝐸] 𝑑𝐩1𝑑𝐩2 … 𝑑𝐩𝑁𝑑𝐫1𝑑𝐫2 … 𝑑𝐫𝑁 

=
1

ℎ3𝑁𝑁!
∫ 𝛿[𝐻(𝐩𝑁 , 𝐫𝑁) − 𝐸] 𝑑𝐩𝑁𝑑𝐫𝑁 

The notation 𝑑𝐩 indicates 𝑑𝑝𝑥𝑑𝑝𝑦𝑑𝑝𝑧 such that the integral over 𝑑𝐩 for one particle is actually 

a three-dimensional integral.  A similar case exists for 𝑑𝐫.  Therefore, the total number of inte-

grals is 6𝑁.  We say that this is a 6𝑁-dimensional integral. 

We need to comment a little bit on the limits of integration: 

• For each momentum variable, the limits are −∞ < 𝑝 < ∞.  In other words, the momenta 

can take on any real value.  These degrees of freedom and the associated integrals are 

unbounded. 

• For each position variable, the values it can take on depend on the volume of the con-

tainer into which it was placed.  For a cubic box of side length 𝐿, one has 0 < 𝑟 < 𝐿.  

Therefore these position variables are bounded and the integrals are definite.  The limits 

of the position integrals also introduce a dependence of the partition function on 𝑉. 

Here, the delta function is a Dirac delta function.  In simple terms, the Dirac delta function is 

infinitely peaked around the point where its argument is zero, but zero otherwise.  Here, it “se-

lects out” or “filters” those configurations that have the same energy as the specified energy.  It 

can be shown that evaluating the multidimensional integral with the delta function is the same 

as finding the 6𝑁 dimensional area in the space of all of the degrees of freedom where the energy 

equals specified energy. 
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According to the law of equal a priori probabilities, an isolated system at equilibrium spends an 

equal amount of time in each of its Ω(𝐸, 𝑉, 𝑁) microstates.  The probabilities of each microstate 

can be written compactly as: 

℘(𝐩𝑁 , 𝐫𝑁) =
𝛿[𝐻(𝐩𝑁 , 𝐫𝑁) − 𝐸]

Ω(𝐸, 𝑉, 𝑁)
 

where 𝐸 is the specified total energy (a property of the ensemble). 

The microcanonical partition function relates to the macroscopic entropy: 

𝑆 = 𝑘𝐵 ln Ω(𝐸, 𝑉, 𝑁) 

The entropy can be related to other (macroscopic) thermodynamic properties by the fundamen-

tal equation, 

𝑑𝑆 =
1

𝑇
𝑑𝐸 +

𝑃

𝑇
𝑑𝑉 −

𝜇

𝑇
𝑑𝑁 

This equation can also be rearranged to the energy version, 

𝑑𝐸 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁 

 These two equations simply summarize the partial derivatives of the functions 𝑆(𝐸, 𝑉, 𝑁) and 

𝐸(𝑆, 𝑉, 𝑁), respectively. 

In the limit of large numbers of particles, the fluctuating macroscopic properties of the microca-

nonical ensemble  (𝑇, 𝑃, 𝜇) appear constant.  Thus, for large enough systems, we can apply mac-

roscopic relations to understand this ensemble. 

Integrators 
In the following sections we derive discrete-time numerical approximations to Newton’s equa-

tions of motion.  For simplicity, we will consider a single coordinate 𝑟 but keep in mind that the 

following relations can be generalized to vector Cartesian coordinates 𝐫𝑁. 

The basic idea in each of the following is to solve for the trajectory of atoms as a function of time: 

𝐫𝑁(𝑡) 

This is called a molecular dynamics simulation.  We actually find the positions at discrete time 

intervals, 

𝐫𝑁(0), 𝐫𝑁(δ𝑡), 𝐫𝑁(2δ𝑡), 𝐫𝑁(3δ𝑡), … 
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Here, δ𝑡 is called the time step.  The smaller the values of δ𝑡, the more accurate our numerical 

solution of Newton’s equations of motions are.  Our approach will to be to take steps forward in 

time, at each point solving for the position 𝑟 and the velocity 𝑣 at the next time step. 

Verlet and velocity Verlet algorithms 

Consider a Taylor expansion of the position vector in time: 

𝑟(𝑡 + δ𝑡) = 𝑟(𝑡) +
𝑑𝑟(𝑡)

𝑑𝑡
δ𝑡 +

𝑑2𝑟(𝑡)

𝑑𝑡2

δ𝑡2

2
+

𝑑3𝑟(𝑡)

𝑑𝑡3

δ𝑡3

6
+ 𝜗(δ𝑡4) 

= 𝑟(𝑡) + 𝑣(𝑡)δ𝑡 +
𝑓(𝑡)

𝑚

δ𝑡2

2
+

𝑑3𝑟(𝑡)

𝑑𝑡3

δ𝑡3

6
+ 𝜗(δ𝑡4) 

In the second line, we used Newton’s equation of motion to replace the acceleration with the 

force. Similarly, 

𝑟(𝑡 − δ𝑡) = 𝑟(𝑡) − 𝑣(𝑡)δ𝑡 +
𝑓(𝑡)

𝑚

δ𝑡2

2
−

𝑑3𝑟(𝑡)

𝑑𝑡3

δ𝑡3

6
+ 𝜗(δ𝑡4) 

Adding these two equations together and moving the 𝑟(𝑡 − δ𝑡) term to the RHS: 

𝑟(𝑡 + δ𝑡) = 2𝑟(𝑡) − 𝑟(𝑡 − δ𝑡) +
𝑓(𝑡)

𝑚
δ𝑡2 + 𝜗(δ𝑡4) 

This equation forms the basis of the Verlet algorithm for molecular dynamics.  Here, we propa-

gate a system forward in time by a time step δ𝑡.  To do so, we use the positions at the previous 

two time steps as well as the forces at the current time step.  To get the forces, we use the force 

field and the current position set at time 𝑡: 

𝑓(𝑡) = −
𝑑𝑈(𝑟(𝑡))

𝑑𝑟
 

The accuracy of this equation is of order 𝜗(δ𝑡4).  In other words, smaller time steps increase the 

accuracy of this discrete time approximation. 

The Verlet algorithm does not use the velocity to determine a solution to the atomic positions at 

the next time step.  We can approximate the velocities using: 

𝑣(𝑡) =
𝑟(𝑡 + δ𝑡) − 𝑟(𝑡 − δ𝑡)

2δ𝑡
+ 𝜗(δ𝑡3) 

This equation can be derived by forming 𝑟(𝑡 + δ𝑡) − 𝑟(𝑡 − δ𝑡) and using the above Taylor ex-

pansions.   
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One disadvantage of the Verlet algorithm is that it requires us to store in memory two sets of 

positions, 𝑟(𝑡) and 𝑟(𝑡 − δ𝑡).  An alternative is the so-called velocity Verlet algorithm, which is 

a reformulation of the Verlet algorithm (by manipulating the expansions) that uses the velocity 

directly: 

𝑟(𝑡 + δ𝑡) = 𝑟(𝑡) + 𝑣(𝑡)δ𝑡 +
𝑓(𝑡)

2𝑚
δ𝑡2 

𝑣(𝑡 + δ𝑡) = 𝑣(𝑡) +
𝑓(𝑡 + δ𝑡) + 𝑓(𝑡)

2𝑚
δ𝑡 

This algorithm is one of the most frequently used in molecular simulations because of its ease of 

implementation.  A general strategy is the following: 

1. Given 𝑟(𝑡) and 𝑣(𝑡) at one time point 𝑡, first compute the forces on each atom using the 

force field. 

2. Do an update of the positions 𝑟 ← 𝑟 + 𝑣δ𝑡 +
𝑓

2𝑚
δ𝑡2. 

3. Do a partial update of the velocity array based on the current forces: 

𝑣 ← 𝑣 +
𝑓

2𝑚
δ𝑡 

4. Compute the new forces 𝑓(𝑡 + δ𝑡) using the new positions 𝑟(𝑡 + δ𝑡). 

5. Finish the update of the velocity array: 

𝑣 ← 𝑣 +
𝑓

2𝑚
δ𝑡 

6. Go back to 1. 

Other integrators 

Several other integrators exist.  The leap frog scheme is equivalent to the Verlet algorithm, but 

solves for the velocities at half time step intervals: 

𝑣(𝑡 + δ𝑡 2⁄ ) = 𝑣(𝑡 − δ𝑡 2⁄ ) +
𝑓(𝑡)

𝑚
δ𝑡 

𝑟(𝑡 + δ𝑡) = 𝑟(𝑡) + 𝑣(𝑡 + δ𝑡 2⁄ )δ𝑡 

One disadvantage of the leap frog approach is that the velocities are not known at the same time 

as the positions, making it difficult to evaluate the total energy (kinetic + potential) at any one 

point in time.  We can get an estimate from: 
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𝑣(𝑡) =
𝑣(𝑡 + δ𝑡 2⁄ ) + 𝑣(𝑡 − δ𝑡 2⁄ )

2
 

Higher-order integrations schemes are possible, in which the Taylor expansions are taken out to 

the δ𝑡3 term or more.  The predictor-corrector approach, on the other hand, tries to use the new 

forces after a time step to back-correct for the extrapolation in time.  Generally speaking, these 

are not frequently used.  Higher-order methods require additional computational overhead; the 

same accuracy might be achieved with a lower-order algorithm by shrinking the time step size.  

The velocity Verlet and leap frog algorithms are often the methods of choice.   

Practical considerations 

Energy conservation 

Rigorously, Newton’s equations conserve total energy and therefore our numerical solutions 

should as well.  We can diagnose the accuracy of our solutions by the extent to which the energy 

remains constant, calculated as the instantaneous sum of the kinetic and potential energies. 

Typically it is desirable to conserve energy to one part in 104-105.  That is, we would like to see at 

least 4-5 significant figures that do not fluctuate over the course of the simulation. 

There are often two kinds of energy conservation: 

• short-term – This refers to the fluctuations in total energy from step to step in our simu-

lation, considered over just a few steps in sequence.  The Verlet-like algorithms are actu-

ally not as  good at short term energy conservation as many higher-order or corrector 

schemes. 

• long-term – Over large numbers of time steps, one finds that the total energy can drift 

away from its initial value.  The Verlet-like algorithms are actually very good at avoiding 

energy drift, while many other schemes are not.  

Time step considerations 

For numerical stability and accuracy in conserving the energy, one typically needs to pick a time 

step that is at least an order of magnitude smaller than the fastest time scale in the system.   

system (fastest motion) time step (1 fs = 10-15 s) 

molecules (bond vibrations) 0.5 – 1.0 fs 

molecules, rigid bonds (angle bending) 2.0 fs 

atoms (translation) 5 – 10 fs 

Lennard-Jones system 0.001 (dimensionless units) 
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Too large a time step can cause a molecular dynamics simulation to become unstable, with the 

total energy rapidly increasing with time.  This behavior is often colloquially termed “exploding” 

and it is caused by devastating atomic collisions that occur when a large time step propagates 

the positions of two atoms to be nearly overlapping; the repulsive interactions then create a 

strong force that propels these atoms apart.   

 

Practically speaking, the time step limits the length of our molecular dynamics trajectory.  At each 

time step, the slowest computational operation is the pairwise loop to compute the potential 

energy and forces, which scales as 𝑁2 in computational expense.  A total molecular dynamics 

trajectory length of 𝑛 such time steps is 𝑡𝑡𝑜𝑡𝑎𝑙 = 𝑛δ𝑡.  The computational time is 𝑡CPU = 𝑛δ𝑡CPU.  

Some sample results for a Lennard-Jones system (δ𝑡 = 0.001) on a 2.4 GHz processor: 

𝑵 𝒕CPU for 1000 time steps 

256 4 s 

512 12 s 

1024 44 s 

2048 165 s 

Initial positions 

At the start of the simulation we must specify initial positions and velocities for each atom.  For 

the initial positions, there are several common approaches: 

• For bulk phases, we can start the simulation by placing all of the atoms on a crystalline 

lattice, the simplest being the cubic lattice.  If our simulation conditions correspond to 

the liquid phase, we must first simulate long enough until the system melts. 

• Atoms in molecules should be placed in idealized or approximate geometries that satisfy 

the known bond lengths and angles. 

𝑡 

𝐸 
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• Atoms can be placed randomly in the simulation volume.  However, this can often be 

dangerous for large or dense systems, where there is a high probability that we will place 

two or more atoms too close together and create a strong repulsion between them as a 

result of core overlap. 

• The initial configuration can be taken from experiment (typically xray or NMR). 

In any case, it can be a good idea to first energy-minimize the initial configuration to relax the 

system to a nearby local minimum.  This can also remove any core overlaps present in the system, 

and sometimes can fix up bond lengths and angles. 

Initial velocities 

For the initial velocities, we typically draw these randomly from a Maxwell-Boltzmann distribu-

tion at the desired temperature: 

℘(𝑣𝑥,𝑖) = (
𝑚𝑖

2𝜋𝑘𝐵𝑇
)

1
2

exp (−
𝑚𝑖𝑣𝑥,𝑖

2

2𝑘𝐵𝑇
) 

Notice that the form of this distribution is Gaussian with zero mean: 

℘(𝑣𝑥,𝑖) = (2𝜋𝜎𝑣
2)−

1
2 exp (−

𝑣𝑥,𝑖
2

2𝜎𝑣
2

) 

𝜎𝑣
2 =

𝑘𝐵𝑇

𝑚𝑖
 

Random velocities must be drawn for each of the 3𝑁 components, and are both positive and 

negative. 

However, randomly picking each velocity component this way can lead to a nonzero net momen-

tum of the system, which would create a systematic translational drift of our system.  Thus, we 

typically shift the velocities so as to remove this effect.  The procedure is: 

1. Pick random velocities on each atom, either from a Maxwell-Boltzmann distribution or 

from a random uniform distribution. 

2. Find the net momentum: 𝐏 = ∑ 𝑚𝑖𝐯𝑖. 

3. Subtract from each of the atomic velocities so as to remove the net momentum: 

𝐯𝑖 ← 𝐯𝑖 − 𝐏 𝑁𝑚𝑖⁄  

For systems without boundaries or fields, we typically also remove the net angular momentum, 

which prevents our system from rotating. 
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Analysis of integrators 

Lyapunov instability 

How well does our numerical solution to Newton’s equations of motion 𝐫𝑁(𝑡) approximate the 

true solution, 𝐫true
𝑁 (𝑡)?  One way of examining this issue is to quantify how sensitive our trajecto-

ries are to small errors in the positions or momenta at each point in time.   

Consider two trajectories that both start at 𝐫1
𝑁(𝑡 = 0) = 𝐫2

𝑁(𝑡 = 0).  The first trajectory has mo-

menta 𝐩1
𝑁(𝑡 = 0) and the second has each of the momenta shifted by a small amount 

𝐩2
𝑁(𝑡 = 0) = 𝐩1

𝑁(𝑡 = 0) + 𝛿𝑝.  It can be shown that the distance between the two trajectories 

in phase space grows exponentially in time according to a Lyapunov divergence: 

|𝐫1
𝑁(𝑡) − 𝐫2

𝑁(𝑡)|~(𝛿𝑝) exp(𝜆𝑡) 

Here, 𝜆 is called the Lyapunov exponent.  This relationship shows that very small deviations in 

the starting conditions of a trajectory result in huge differences in the trajectories at long times.  

These small initial condition differences cause an exponential divergence of the trajectories.  The 

cause of this behavior is the chaotic behavior of many-body mechanical systems.  The theory of 

chaos in dynamical systems constitutes a major research effort. 

There are two consequences to this behavior: 

• It is difficult to reproduce exact trajectories in molecular simulation.  Care must be taken 

that all of the initial conditions are exactly the same, down to every bit of precision.  Even 

differences in velocities of 1 in 1010 can result in major differences in the trajectories after 

only 100 time steps. 

• It is impossible for us to reproduce the true Newtonian solution exactly, even as we take 

very small time steps, δ𝑡 → 0.  Small differences in the predicted positions and momenta 

with each time step, relative to the true solution, will ultimately result in big deviations at 

longer times. 

Time-reversible and area-preserving integrators 

The Lyapunov analysis would seem to suggest that we cannot use numerical integration to solve 

effectively Newton’s equations of motion.  However, this is not a problem because the properties 

in which we are interested never really depend on specific, single, short trajectories, but rather 

• statistical properties of long simulations, i.e., average behavior over time 

• statistical properties many independent simulations, averaged over different initial veloc-

ities and, sometimes also, different initial configurations 
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Ultimately the reason for our statistical rather than deterministic interest is because it is the sta-

tistics that relate to experiment (multiple measurements, or measurements over periods of time) 

and to thermodynamics (statistical mechanics). 

What we want are numerical solutions to Newton’s equations that maintain the correct statistical 

sampling of phase space.  In other words, we want our numerical solution to populate different 

parts of phase space with the same probabilities that would be observed for the true solution. 

Two properties of numerical integration schemes will maintain correct statistical sampling: 

• time reversibility – Newton’s equations are time reversible.  We would like integrators 

that preserve this property in our numerical trajectories.  In other words, reversing the 

velocities should result in a trajectory that re-traces itself.  The Verlet and Verlet-derived 

integrators all satisfy this property. 

• area preserving – This is a subtle feature of the equations of motion.  Imagine launching 

a large (essentially infinite) number of trajectories a particular energy hypersurface in 

phase space, 𝐸 = 𝐸0.  The initial conditions all have the same energy, and the collection 

of points can be used to define a 6𝑁 − 1 dimensional area of the 𝐸0 hypersurface.  As we 

simultaneously and independently evolve all of these trajectories in time, we expect the 

area they define after some time 𝑡 to remain the same, since the area of the 𝐸0 hypersur-

face does not change.  If the area does change (typically grows larger), we have moved to 

another hypersurface 𝐸 ≠ 𝐸0 and energy is not conserved at very long time, i.e., there is 

an energy drift.  The Verlet and Verlet-derived integrators can be shown to be area pre-

serving (by way of computing a Jacobian of the coordinate and velocity updates for time 

steps). 

Some integrators are not time reversible or area preserving.  These should be avoided. 

Since the original formulations of molecular dynamics algorithms, a rigorous theory has been 

developed for deriving time-reversible and area-preserving integrators to arbitrary order.  This 

formalism is called the Loiuville formulation of integration schemes [Tuckerman, Berne, and 

Martyna, J. Chem. Phys. 97, 1990 (1992)].  This formulation has been central to the development 

of advanced molecular dynamics implementations (such as the constant-temperature methods 

we will cover later). 

Discontinuous potentials 
Oftentimes we are interested in simple, coarse-grained systems that are modeled with pairwise 

interatomic potentials that have discontinuities in their derivatives. 
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For these systems, we cannot use Newton’s equations of motions as written above because the 

forces are either zero or infinite.  Instead, we need to perform a discontinuous molecular dy-

namics simulation. 

The basic approach is the following: 

1. At time 𝑡, examine all pairwise interactions and predict for each, using the velocities, the 

point in time Δ𝑡𝑖𝑗 at which two atoms will first cross over a distance that corresponds to 

a force discontinuity in the potential.  For the hard sphere system, this simply amounts to 

finding the times at which each pair of particles will first collide. 

2. Find the minimum Δ𝑡 = min
𝑖𝑗

Δ𝑡𝑖𝑗. 

3. Propagate all particles according to their velocities a time Δ𝑡. 

4. For the two particles corresponding to the minimum Δ𝑡𝑖𝑗(= Δ𝑡), update their velocities 

based on conservation of momentum, conservation of energy, and the collision geome-

try.  For hard spheres, this amounts to reversing the components of velocities of each of 

the two particles along the vector joining them at the collision. 

Discontinuous MD can be useful modeling non-dense systems with few intramolecular bond and 

angle constraints.  The time scales that this approach can reach for these are often much longer 

than continuous MD integration because the time steps Δ𝑡 can be larger.  However, for very 

dense systems, collisions occur very often and the time steps in discontinuous MD simulations 

can become extremely short, making this approach inefficient.   While discontinuous MD does 

not require computation of forces, it still requires a pairwise interaction loop that scales as 𝑁2 in 

computational expense. 

𝑢 

𝑟𝑖𝑗 

𝑢 

𝑟𝑖𝑗 

hard sphere po-
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