Local reachability of control systems in étalé Lie groupoids

Saber Jafarpour* Andrew D. Lewis!

Abstract

The notion of a pseudogroup provides an apt generalisation of the set of flows asso-
ciated with a control system. The notion of a groupoid provides an apt generalisation
of a pseudogroup. With this as motivation, control systems in Lie groupoids are con-
sidered, and a list of conditions is provided that are equivalent to local reachability for
such control systems.
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1. Introduction

In this paper we shall study a generalisation of the problem of local controllability
(which we call “reachability” in this paper) that is important in control theory. The gener-
alisation is developed in two directions. First, rather than considering flows of vector fields
as is typically the situation in control theory, we consider subsets of the pseudogroup of
local diffeomorphisms. This generalisation is not an uncommon one, as it appears in the
fundamental work of Sussmann [1973] on the Orbit Theorem and, for example, in the study
of reachability of Kupka and Sallet [1983]. The other generalisation we make is from pseu-
dogroups to Lie groupoids. This generalisation is considered in the work of Stefan [1974a,
1974b) on the Orbit Theorem, but has not really been developed by the control community.
In this paper we consider local reachability in the setting of Lie groupoids.

Of course, much work has been done on the problem of reachability in the geometric
control literature. Our approach is quite different from existing approaches. One way to
characterise the existing literature is that it consists of various sufficient conditions and nec-
essary conditions, typically Lie algebraic in nature, with attempts to close the gaps between
these. As is discussed by Lewis [2014, Chapter 1], the framework normally used to study
control systems is not feedback-invariant, and as a result the theorems obtained are not
feedback-invariant. That is, it can be the case that a theorem is conclusive or inconclusive
about the same system, depending on how controls are parameterised. That is to say, many
results on reachability are results on a control system with a fized control paramaterisation.
This is most easily understood by considering the method of nilpotent approximation de-
veloped initially by Sussmann [1983, 1987], and used by many others subsequently [e.g.,
Bianchini and Kawski 2003, Bianchini and Stefani 1993, Hermes 1991, Kawski 1998]. In
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developing reachability conditions based on such a methodology, the conclusions will de-
pend in unpredictable ways on how one represents a system [Lewis 2014, Examples 1.1
and 1.2]. By contrast, here we develop inherently feedback-invariant necessary and suffi-
cient conditions for reachability by looking at germs and jets of local diffeomorphisms of
the system as mappings between germs and jets of functions. The conditions we obtain
come in two flavours. First we obtain algebraic conditions that can be interpreted as point
separating conditions for families of linear maps defined by our system’s local diffeomor-
phisms. Second, we obtain a separating hyperplane condition that is reminiscent to the
method frequently used to show that a system is not locally reachable, e.g., [Sussmann
1983, Proposition 6.3], [Kawski 1990, Example 5.2].

In all cases, the conditions have a rather different character than the Lie bracket con-
ditions normally encountered in the reachability literature. The intent is to develop a
diffeomorphism framework that can be subsequently used to develop conditions on vector
fields defining the flows for the system. In the last section of the paper we make explicit
the connection between our notions of reachability and the notions most commonly used in
control theory. However, the approach itself is interesting, independent of its connection to
more standard approaches, so we feel that it is worth independent explication.

1.1. An outline of the paper. As the paper has to do with reachability of systems defined
on Lie groupoids, and since this is not the usual setup for control theory, in Section 2 we
illustrate exactly how our formalism generalises the usual formalism. We do this by first
illustrating the well-known idea that pseudogroups arise naturally from flows of vector fields,
even vector fields with measurable time-dependence, thanks to the results of Jafarpour and
Lewis [2014]. Then we illustrate that pseudogroups admit the generalisation to étalé Lie
groupoids. The Lie groupoid formalism is useful because it allows for our particularly simple
notion of control system in Definition 3.1. In Section 3.2 we see that this notion of system
allows for many of the standard notions for reachability to make sense, e.g., accessibility
and reachability. In Section 3.3 we provide four conditions that are equivalent to local
reachability for certain large classes of systems. In Section 3.4 we illustrate explicitly how
our reachability definitions subsume any of the standard notions of reachability one can
find in the control theory literature.

1.2. Notation and background.

1.2.1. The basics. We use standard set theoretic conventions, with the exception that
when we write A C B we mean strict inclusion of sets. When we wish to allow for the
possibility that A = B we write A C B.

By Z we denote the set of integers, with Z~¢ and Z>( denoting the sets of positive and
nonnegative integers, respectively. By R we denote the set of real numbers, with R+ and
R>o denoting the positive real numbers and nonnegative real numbers, respectively.

1.2.2. Geometric notation. We mostly use the geometric notation and conventions
of [Abraham, Marsden, and Ratiu 1988]. Manifolds will be smooth (i.e., of class C*)
or real analytic (i.e., of class C¥), and will be assumed to be Hausdorff and second count-
able, unless stated otherwise. (We will drop these conditions for the total space of a Lie
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groupoid.) The tangent bundle of a manifold M is denoted by mrm: TM — M and the
cotangent bundle by mrsm: T*M — M. For v € {oo,w}, by I'V(TM) we denote the set
of C”-vector fields on M which we regard as a vector space over R. By C”(M) we denote
the set of R-valued functions on M of class C”. By C"(M;N) we denote the set of map-
pings of class C¥ between manifolds M and N. If ® € C”(M;N) and if g € C”(N), then
O*f = fod € CY(M) is the pull-back of f by P.

For a vector bundle E, T*(E) denotes the k-fold tensor product of E and S*(E) denotes
the degree k symmetric tensor algebra.

We let €};° denote the sheaf of smooth functions on a smooth manifold M. The stalk at
z € M we denote by €}, and a typical element of the stalk we denote by [f]z- We have

the map
evy: G — R

[fle = f(x).

We shall also use the symbol ev, to denote the mapping

evy: C*°(M) —» R
[ f2),

the exact meaning being clear from context. We will at various times use the fact that a
smooth manifold M is embedded in C*°(M)’, the dual of C**(M) with the weak-* topol-
ogy [e.g., Agrachev and Sachkov 2004, Proposition 2.1]. Explicitly, this embedding is defined
by the mapping z — ev,, where ev, € C*°(M)’ is defined by ev,(f) = f(x).

1.2.3. Jet bundles. We will work with jet bundles. For manifolds M and N, and k € Z>y,
by J¥(M;N) we denote the space of k-jets of mappings from M to N. By pf: JE(M;N) —

J{M;N), k > I, we denote the projection. For (z,y) € Mx N, J’(“x y)(M; N) denotes the set of

k-jets of mappings that map = to y. We denote by J’;(M; R) the k-jets of functions which map
r € M to any value in R. For a mapping ® € C*°(M;N), we denote by j,®: M — J¥(M; N)
the k-jet of ®.

Infinite jets are defined as inverse limits. Thus

T (MiN) = {6 Z0 = UrezooJuyy MiN) | o (0(k + 1)) = 6(k), k € Zo}-

We take

PPMN) = [ JE,(MN),
(z,y)eMxN
and define p°: J°(M;N) — J5(M;N) by p°(¢) = ¢(k). We then regard J(M;N) as a
topological space with the inverse limit topology, i.e., the weakest topology for which the
mappings pp°, k € Z>o, are continuous.

1.2.4. Topologies for spaces of vector fields. While this is not a paper about local
reachability of control systems defined by vector fields, we will make connections to these
sorts of systems in order to anchor our results to familiar things. In doing so, we will make
use of recent work by Jafarpour and Lewis [2014] on locally convex topologies for spaces
of smooth and real analytic vector fields. (Jafarpour and Lewis also describe topologies
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for spaces of finitely differentiable, locally Lipschitz, and holomorphic vector fields, but we
will not make use of these here.) To describe these topologies, we will merely provide the
seminorms that characterise them.

To define these seminorms we introduce appropriate fibre norms for jet bundles of the
tangent bundle. Let v € {oco,w}. We suppose that the CY-manifold M has a C¥-Riemannian
metric G and a C"-affine connection V. The existence of these for r = oo is classical and
for r = w is proved in [Jafarpour and Lewis 2014, Lemma 2.3] using the embedding theorem
of Grauert [1958] for real analytic manifolds. Let T*(T*M) denote the k-fold tensor product
of T*M and let S*(T*M) denote the symmetric tensor bundle. First note that V defines
a connection in T*M by duality. Then V defines a connection V¥ on T* (T*M) ® TM by
asking that the Leibniz Rule be satisfied for the tensor product. Then, for a smooth vector
field X, we denote

vk X =vk...VIVX,

which is a smooth section of T*+1(T*M) @ TM. By convention we take V'X = VX and
viElx = X, (The funny numbering makes this agree with the constructions in [Jafarpour
and Lewis 2014, §2.1].)

We then have a map

SE: FTM — @f_(SH(T*M) ® T™

(1.1)
X (@) = (X (@), Symy © idru(VX) (@), ..., Symy, @ idrm(VEDX) (@),

which can be verified to be an isomorphism of vector bundles [Jafarpour and Lewis 2014,
Lemma 2.1]. Here Sym,,: T*(V) — S¥(V) is defined by

1
Symy,(v1 ® -+ ®@ vg) = i D Vo) ® -+ ® V().
T oeBy

Now we note that inner products on the components of a tensor product induce in a natural
way an inner product on the tensor product [Jafarpour and Lewis 2014, Lemma 2.3]. Thus,
if we suppose that we have a Riemannian metric G on M, there is induced a natural fibre
metric Gy, on TF(T*M) ® TM for each k € Z>(. We then define a fibre metric Gy, on JFTM
by

Gr (X (2), giY (2))
k
=N"G. lS Ridrm (VU x ls 2 idm (VU Dy
5 (5 5vm; @ idru( )(@), 5Svm; ©idra(VOY) (@),
§=0
(The factorials are required to make things work out with the real analytic topology.) The
corresponding fibre norm we denote by |-z, -

Now we are in a position to define the seminorms that characterise the topologies on
I'*°(TM) and I'“(TM). For the smooth case, for a compact set K C M and k € Z>¢, we
denote

PRKX) =sup{[|X(2)[lg, | € K}, X e™(TM).

The set of seminorms p%,, K € M compact, k € Z>q, defines a locally convex topology
for T°°(TM). To define the seminorms for I'“(TM), we denote by co(Z>0;Rs0) the set
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of sequences (aj)jezzo in Rsg converging to 0. Then, for a compact set K C M and for
a € co(Z>0;Rxp), we denote

Pi,a(X) =sup{laoar - - - ai[| X (2)||g, | v € K, k € Z>o}, X e T¥“(TM).

The seminorms p%, ,, K C M compact, a € co(Z>0; R>0), define a locally convex topology
for T“(TM). In order to allow simultaneous treatment of the smooth and real analytic cases,
for a compact subset K € M, we will denote by pg one of the seminorms p%,, k € Z>q, or
Piar @€ co(Z>0;Rs0), accepting a slight loss of precision. 7

1.2.5. Time-varying vector fields. The preceding locally convex topologies have many
valuable attributes, and we refer to [Jafarpour and Lewis 2014] for a detailed discussion of
these. For our purposes, these topologies permit a characterisation of useful classes of time-
varying vector fields. This allows one to consider control systems with locally essentially
bounded or locally integrable controls, rather than merely piecewise constant controls.

The definitions rely on notions of measurability and integrability for mappings into
I'(TM), v € {oo,w}. We shall give very terse definitions for these, referring to [Jafarpour
and Lewis 2014] for details. Let T C R be an interval. A mapping X: T — I'V(TM)
is measurable if X~'(0) is Lebesgue measurable for every open set O C I'Y(TM). A
measurable mapping X : T — I'Y(TM) is locally Bochner integrable if pg o X is locally
Lebesgue integrable for every seminorm pr, K C M compact. By LII'"(T; TM) we denote
the set of locally Bochner integrable mappings from T to I'V(TM).

Note that, if X € LII'(T; TM), then we have the time-varying differential equation
g'(t) = X(t)(&(t)). Jafarpour and Lewis [2014, Theorems 6.6 and 6.26] show that the
usual existence and uniqueness results hold for these differential equations. But, far more
significantly, they show that the dependence of flows on initial condition is C¥. By t —
@fﬁo (zo) we denote the integral curve for X passing through z( at time ty. We denote

Dx = {(t,to,70) € R x R x M | @7 (o) exists}.

The fact that flows for vector fields from LII'(T; TM) depend on initial condition in a C”
manner will allow us to connect our groupoid theory to standard control theory at a level of
generality that has hitherto not been possible. Normally, when applying pseudogroup theory
(and so the natural extension of this to Lie groupoids), one has to restrict to what amounts
to piecewise constant controls, since in this case one is ensured that one is composing
C¥-local diffeomorphisms [cf. Kupka and Sallet 1983, Stefan 1974b, Sussmann 1973]. We,
however, can now do this for locally integrable time-dependence, considerably extending
the scope of the theory expounded in the paper.

2. From flows to pseudogroups and from pseudogroups to Lie groupoids

In order to fully understand the relationship between our constructions and results for
Lie groupoids with more common constructions and results in control theory, in this section
we present the path from the latter to the former.
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2.1. From flows to pseudogroups. Given a (possibly time-varying) vector field X on a
manifold M, the flow of X defines, for each time ¢y € R (the initial time), a family of local
diffeomorphisms indexed by the final time ¢. In [Jafarpour and Lewis 2014] a comprehensive
theory of time-varying vector fields is developed, providing the proper hypotheses for time-
varying flows to depend on initial condition in a manner whose regularity agrees with the
regularity of the vector field. Thus, the flow of a smooth vector field will define a family
of smooth local diffeomorphisms and the flow of a real analytic vector field will define a
family of real analytic diffeomorphisms. These families of local diffeomorphisms define a
pseudogroup generated by these flows, as considered by Sussmann [1973]. By restricting to
positive times we instead get a pseudosemigroup as considered by Kupka and Sallet [1983].

Let us make the preceding terminology and discussion precise. We note that the exact
definition of pseudogroup tends to vary a little from author to author. Our definition is
that which makes the connection with Lie groupoids most natural.

2.1 Definition: (Local diffeomorphisms, their inverses, and their compositions)
Let v € {oo,w} and let M be a C”-manifold.

(i) A C¥-local diffeomorphism of M is a mapping ®: U — M, where U C M is open
and ® is a CY-diffeomorphism onto its image.

(ii) The open set U is the domain of ¢ and will sometimes be denoted by dom(®). The
open set ®(U) is the range of ® and will sometimes be denoted by range(®).

(iii) The inverse of a local diffeomorphism ® is ®~!: range(®) — M.

(iv) If ®; and P9 are local diffeomorphisms, they are composable if range(®q) N
dom(®2) # (), and their composition is the local diffeomorphism ®5 o @1 with domain
®; ! (dom(®3)) and range Po(range(®;)).

The set of all C"-local diffeomorphisms of M is denoted by Diff}, .(M). o

We may now define the notion of a pseudogroup.

2.2 Definition: (Multiplicative family of local diffeomorphisms, pseudogroup) Let
v € {oo,w} and let M be a C”-manifold. A C¥-multiplicative family on M is a family
M of C”-local diffeomorphisms satisfying the following conditions:

(i) if ® € A4 then @~ € .4,
(ii) if @1, P9 € A are composable, then $yo0dy € .
A CY-multiplicative family . is
(iii) restricting if ® € .# and if V C dom(®), then ®|V € .Z, and is

(iv) localising if, given a local diffeomorphism ® of M and an open cover (Ug)qea of
dom(®) such that ®|U, € .# for each a € A, we have ® € .Z.

(v) A C¥-prepseudogroup is a restricting C”-multiplicative family.
(vi) A CY-pseudogroup is a restricting, localising C”-multiplicative family. .
In most applications of pseudogroups (or multiplicative families of local diffeomor-

phisms), one does not explicitly define the pseudogroup, but rather a set of generators,
in the sense of the following result.
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2.3 Proposition: (Multiplicative families and pseudogroups generated by a family
of local diffeomorphisms) Let v € {oco,w}, let M be a C¥-manifold, and let ® = (Pg)aca
be a family of CY-local diffeomorphisms of M such that M = Ugze 4 dom(®,). Then

(i) there exists a smallest C¥-multiplicative family .4 (®) such that ® C .4 (P);
(ii) there exists a smallest C¥-prepseudogroup Mrsey(®) such that ® C Mrser(P);
(11i) there exists a smallest C¥-pseudogroup P2 (®) such that ® C 2(P).

Proof: In each part of the proof, we merely define the relevant object, leaving to the reader
the relatively straightforward task of verifying that it has the desired properties.

(i) Let .#(®) be the set of C"-local diffeomorphisms of the form ®f' o ... o ®}* where
®; e ®ande; € {—1,1}, j € {1,...,k}, are such that ®{" o ... oCD;-j and @;ﬁf are compos-
able for j € {1,...,k —1}.

(ii) We let

Mesiy(®) ={V|U| ¥ € .#(P), UC dom(V)}.

(iii) Let us define &(®) to be the set of C”-local diffeomorphisms described as fol-

lows: ® € Z(®) if, for every x € dom(®), there exists a1,...,ar € A, €1,...,¢, € {—1,1},

and a neighbourhood V C dom(®) of x such that ®,, o ... c®,, and ® are composable
for je{l,...,k—1} and

aj+1

DV = B o ... oDL|V. n

2.4 Definition: (Multiplicative families generated by a family of local diffeomor-
phisms) Let v € {oo,w} and let M be a C”-manifold.

(i) The CY-multiplicative family .# (®) constructed in the proof of Proposition 2.3(i) is
the CY-multiplicative family generated by P.

(ii) The CY-prepseudogroup #;si:(®) constructed in the proof of Proposition 2.3(ii) is
the C¥-prepseudogroup generated by P.

(iii) The C"-pseudogroup &(®) constructed in the proof of Proposition 2.3(iii) is the C¥ -
pseudogroup generated by P. °

A special case that often arises is when one generates a pseudogroup from a restricting
multiplicative family.

2.5 Definition: (Pseudogroup generated by a prepseudogroup) Let v € {oo,w}, let
M be a CY-manifold, and let & be a C”-prepseudogroup. The C¥-pseudogroup associ-
ated to 2 is the CY-pseudogroup generated by &, and is denoted by &27. °

Let us see how flows of vector fields give rise to pseudogroups.

2.6 Definition: (Pseudogroup associated to a vector field) Let v € {oo,w}, let M be
a C”-manifold, let T C R be an interval, and let X € LII'(T; TM).

(i) For tg,t € T, let @fgo be the C”-local diffeomorphism with domain
dom(@fio) ={zeM| (t,tp,z) € Dx}.

(ii) For tg € T, the (X, to)-pseudogroup is the C-pseudogroup (X, ty) generated by
the family @lffto, t € T, of local diffeomorphisms. °

We observe that M = Uger dom(®7%, ), so the (X, t)-pseudogroup is well-defined.
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2.2. From pseudogroups to Lie groupoids. Now we generalise from pseudogroups in the
preceding section to Lie groupoids. This generalisation will come in handy, even when
just dealing with Lie groupoids arising from pseudogroups, for defining what is meant by a
“control system.”

Let us first define what we mean by a groupoid and then a Lie groupoid; we refer to [e.g.,
Mackenzie 1987] for more details.

2.7 Definition: (Groupoid) Let B be a set. A groupoid over B is a set G such that, for
every x,y € B, there exists a (possibly empty) subset G(z,y) C G of arrows from z to y
with the property that
G =U{G(z,y) | =,y € B},

along with the following mappings:

(i) for each x € B, an element id, € G(z, x);

(ii) for each x,y, 2z € B, a mapping comp,,,, .: G(z,y) X G(y, z) — G(z, z), and we denote

comp, , .(g,h) = h *g:

(iii) for each x,y € B, a mapping inv,,: G(z,y) — G(y,z) and we denote inv, ,(g) = g},
and these mappings must obey the following rules:

(iv) idy *g = g and h *id, = h for all g € G(y,x) and h € G(z,y), z,y € B;

(v) hx(g*f)=(hxg)x*fforall feG(z,y), g € G(y,2), h € G(2,w), z,y,z,w € B;

(vi) gx g~ !
A groupoid will often be denoted by G = B. We have source and target mappings

src: G — B and tgt: G — B defined by asking that src(g) = x and tgt(g) = y for g € G(z,y).
We denote

=1idy and g7" x g = id, for all g € G(z,y), z,y € B.

Go={(g9,h) e Gx G| g € G(z,y), h € G(y, z) for some z,y,z € B}

and define comp: Ga — G by comp(g, h) = comp, , .(g,h) if g € G(z,y) and h € G(y, 2).
We also define inv: G — G by inv(g) = inv, 4 (g) if g € G(z,y).
We also have the following constructions.
(vii) For z € B, the source fibre of x is G, = src™!(x) and the target fibre of x is
G® = tgt~!(z). We also denote Gf = G, N GY = G(z, ). .
We shall not deal too much with any sort of general groupoid, but mainly consider Lie
groupoids whose definition we give shortly. We will, however, use the inverse groupoid
of a groupoid G = B which is the groupoid G’ = B defined by G' = G, G'(z,y) = G(y, x),
and with groupoid mappings id), = id,, compl, , .(g,h) = compzjy@(hfl,gfl), and inv}, , =

IHVZ’;. Note that src’(g) = tgt(g) and tgt'(g) = sre(g).
Let us now turn to Lie groupoids.
2.8 Definition: (Lie groupoid) Let v € {oo,w}. A groupoid G = M is a C¥-Lie
groupozid if
(i) both G and M are C”-manifolds, with M Hausdorff and second countable, but G not
necessarily so,
(ii) the groupoid mappings x — id,, comp, and (z,y) — inv,, are smooth, and

(iii) src and tgt are smooth submersions. o
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Note that, by the Inverse and Implicit Function Theorems, the inverse groupoid of a
Lie groupoid is a Lie groupoid.

Let us see how pseudogroups give rise to groupoids. We let v € {oo,w}, let M be a
CY-manifold, and let & be a C"-prepseudogroup on M. Let x € M and let .4, be the set
of neighbourhoods of z. Let &, ¥ € & be such that dom(®),dom(¥) € .4,. We say that
® and VU are equivalent if there exists a neighbourhood W C dom(®) N dom(¥) of x such
that ®|'W = WU|W. The set of such equivalence classes we denote by gw, - The equivalence

class of a local diffeomorphism we denote by [®],. We also denote ¥, = LOJx€M g, > which
is the groupoid of germs of &2. We make this a groupoid by defining src, tgt: g, » — M
by

sre([@]e) =2, tgt([Pla) = P(2),

and by defining groupoid composition, inversion, and identity by

[Clag) * [@le = [Po @]y, [07' = [ o),  ids = [ids.
We can make this a Lie groupoid by defining the étalé topology for &, to be that with
the basis

B(®) = {[D], | z € dom(®)}, e 2.

It is clear that src is a local homeomorphism when %, has the étalé topology, and this
establishes a differentiable structure for ¢,,. This differentiable structure is not generally
second countable, and is generally Hausdorff only when v = w. In any case, ¥, is a Lie
groupoid. In particular, we have the groupoid gDiﬂclVOC M) associated to the pseudogroup of
all local C”-diffeomorphisms.

It is also possible to extract a pseudogroup from a certain sort of Lie groupoid, and
we refer to [Moerdijk and Mrcun 2003, Page 138] for this construction. One condition on
a Lie groupoid G = M for there to be a nice correspondence between it and a groupoid
associated with a pseudogroup as above is that the groupoid be what is known as an étalé
Lie groupoid, meaning that src and tgt are local diffeomorphisms. This will happen, for
example, if both G and B have a well-defined dimension and these dimensions are the same.

3. Control systems in étalé Lie groupoids

In this section we introduce the notion of a control system in an étalé Lie groupoid, and
the associated notions of reachability for such systems. In Section 3.3 we give conditions
equivalent to reachability for systems whose reachable sets satisfy what we call the “gen-
eralised LARC,” since this condition generalises the property of reachable sets for smooth
control systems satisfying the usual LARC. We close the section, and the paper, by con-
necting in Section 3.4 our Lie groupoid notions of reachability to the more common notions
in control theory.

3.1. Definition. We begin with the definition.
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3.1 Definition: (Control system in an étalé Lie groupoid) Let v € {oco,w} and let
G = M be an étalé C"-Lie groupoid. A control system in G is an open submanifold 3.
For # € M, we denote ¥, = ¥ Nsrc™1(x). .

Given a control system Y in an étalé Lie groupoid G = M, we define a control system
in the inverse groupoid G’ = M by

Yy l={geG| gtex}

In Section 3.4 we shall see how ordinary control systems give rise to various control
systems in groupoids, according to the preceding definition.

3.2. Reachability definitions. With the above notion of control system in an étalé Lie
groupoid, it is easy to define the associated notions of reachability.
We first define the reachable set.

3.2 Definition: (Reachable set) Let v € {00, w}, let G = M be an étalé C”-Lie groupoid,
and let X C G be a control system in G. For x € M, the reachable set from x for X is

Re(x) = {tgt(g) | g € Xz} .

Readers familiar with groupoids will notice that the reachable set for ¥ from x is a
subset of the orbit of the groupoid through x.
We shall use the notation

St = {g € B, | tgt(g) € int(Rx(2))}-

It is now easy to give some standard notions of reachability for control systems in étalé
Lie groupoids.
3.3 Definition: (Accessibility and reachability) Let v € {oo,w}, let G = M be an étalé
C¥-Lie groupoid, and let > C G be a control system in G. The control system ¥ is:
(i) accessible from xg if int(Rx(xg)) # 0;
(ii) locally accessible from x if, for every neighbourhood U of xg, int(Rx(zg) NU) # 0
(iii) reachable from xg if Ry (xg) = M;
(iv) locally reachable from xg if xo € int(Rx(xg)). .
As is well-known in the controllability literature for “ordinary” control systems, while it
may be comparatively easy to characterise local accessibility, the characterisation of local

reachability for completely general systems is a difficult task. The following condition on
reachable sets is one that will allow us to give useful characterisations of reachability.

3.4 Definition: (Generalised LARC) Let v € {oo,w}, let G == M be an étalé C"-Lie
groupoid and let > C G be a control system in G. The system X satisfies the generalised
Lie algebra rank condition, or the generalised LARC, at z if there exists a neigh-
bourhood U of x such that both ¥ and X! are locally accessible from z for every = € U. o

We call this “the generalised LARC” because this condition is satisfied by an ordinary
control system if it satisfies the classical LARC at xy. The following property of systems
satisfying the generalised LARC will be of importance for us.
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3.5 Lemma: (Property of systems satisfying the generalised LARC) Let v €
{oo,w}, let G = M be an étalé CV-Lie groupoid, and let ¥ C G be a control system in
G. If X satisfies the generalised LARC from xq, then 3 is locally reachable from xq if and
only if cl(Rx(xo)) contains a neighbourhood of xg.

Proof: Suppose that ¥ is not locally reachable from zp and that cl(Rx(xo)) contains a
neighbourhood of xg. Since 3 satisfies the generalised LARC, there is a neighbourhood U
of xg such that U C cl(Rx(xp)) and such that 3 and X~! are locally reachable from each
x € U. Since ¥ is not locally reachable from xg, let 2 € U be such that x & Ry (zg). Since
Y71 is locally accessible from z, int(Ry-1(x)) NU # (). Moreover, since U C cl(Rx(wp)), we
have

int(Ryy—1(z)) NUN Ry (z0) # 0.

Thus we let y € int(Ry-1(x)) NUN Rg(x0), g € X571, and h € X, be such that tgt'(g) =y
and tgt(h) = y. Note that g~! € ¥ and that src(g™!) = tgt/(g) = y. Thus the composition
g~ ! * h is well-defined (in G) and

ste(g™t * h) = src(h) = o, tgt(g™t x h) = tgt(g™t) = src’(g) = .

Thus = € Rx(xp), which contradiction gives this part of the result.
Conversely, if cl(Rx(zo)) does not contain a neighbourhood of zg, then clearly ¥ is not
locally reachable from xy. [ |

3.3. Conditions equivalent to local reachability. In this section we give conditions equiv-
alent to local reachability for control systems in groupoids. To state the conditions, we
make a few preliminary observations. If g € G, then there is a neighbourhood U of src(g)
and a neighbourhood V of ¢ in G such that src|V is a C”-diffeomorphism onto U and tgt|V
is a C¥-diffeomorphism onto its image. If g € 33, we can moreover choose U so that V C X..
Thus we have a local C*-diffeomorphism (@4, U) defined by ®, = tgt o (src|/V)~!. This then
gives a germ of a local diffeomorphism at = that we denote by 7, € %%Diﬂcluoc (M) Forz e M

and g € src™!(z) we then have a mapping
1y M) - €5,
f= [P0 fla

(we note that the mapping is independent of the choice of representative ®, of the germ
vg). We similarly define
JooVg: CF(M) — JZ(M;R)

[ Joo (@4 f)().

For x € M we also define
germ,: C*(M) — M

= [fla

All of the preceding mappings are R-linear. Moreover, although we do not make use of this
fact in this paper, all of the preceding mappings are continuous with appropriate topologies,
which we now briefly describe. The topology for C*°(M) is the classical topology of uniform
convergence of all derivatives on compact sets. One description of this topology is given by
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Jafarpour and Lewis [2014, §3.1]. The topology for €%, is the direct limit topology for the
directed system C*°(U), U a neighbourhood of z. This is called the stalk topology and is
discussed in some generality by Lewis [2014, §4.4]. The topology for J2°(M;R) is the inverse
limit topology described in Section 1.2.3.

With this terminology, we have the following result.

3.6 Theorem: (Conditions equivalent to local reachability) Let v € {oo,w}, let G =
M be an étalé CY-Lie groupoid, and let X C G be a control system in G that satisfies the
generalised LARC at xg. Then the following statements are equivalent:

(i) X is locally reachable from xq;

(ii) Ngesx,, ker(evy, ovy) C ker(germ,, );
(1ii) Ngesint ker(v;) C ker(germ,, );
(iv) Myesys ker(jnsy) € ker(gorm,);

(v) there exists no f € C*°(M) with the following properties (thinking of f as a continuous
linear functional on C*°(M)’ in the weak-x topology):

(a) evg, € ker(f);
(b) for any neighbourhood U of xo, we have

{reM]| f(z) e Reo}NU # 0, {reM]| f(z) e Rag}NU # P;
(¢) the hyperplane ker(f) separates cl(Rx(xg)) and (M \ cl(Rg(xo))).

Proof: (i) = (ii) Suppose that ¥ is locally reachable from xy. Thus there exists a neigh-
bourhood U C M of xg such that

U Q UgGEmOtgt(g)'

Suppose that f € C*(M) satisfies evy, oy, (f) = 0 for every g € ¥y,. Let x € U and let
gz € g, satisfy x = tgt(gy). Let W C U be a neighbourhood of zp and V' C G be a
neighbourhood of g, such that src|V’ is a diffeomorphism onto U'. We then have

(@) = fotet(ge) = fotgto(sre/U) ™ (o) = foPy(z0) = evay o7, () = 0.

Then f is identically zero on U and so f € ker(germ,, ).
(ii) = (i) Suppose that X is not locally reachable. Since ¥ is not locally reachable and
satisfies the generalised LARC, Lemma 3.5 implies the following:

1. every neighbourhood of z( intersects Ry (z);
2. every neighbourhood of x¢ intersects Ry, (z0)¢ 2 M\ cl(Rx(z0)).

Therefore, there exists f € C*°(M) with the property that f(x) € Ry for every z € Ry ()¢
and f(z) = 0 for every = € cl(Rx(zp)) (this is a standard argument using bump functions
and partitions of unity). For g € ¥,, we have

eV, oY, (f) = fotgt(g) =0

since f vanishes on Ry (z0). However, germ, (f) # 0 and this gives the desired conclusion.
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(iii) = (ii) Suppose that (ii) does not hold. Thus there exists f € C°°(M) such that
germy, (f) # 0 but that evy, oy (f) = 0 for all g € ¥y,. Let g € X and let U € Rx(xo)
be a neighbourhood of tgt(g). Our hypotheses on f ensure that f(z) = 0 for all x € U.
Let ®, be a representative of v, with the domain of ®, being some neighbourhood V of z.
By shrinking V, we can ensure that ®,(V) C U. We then have fo®y(x) =0 for all z € V,
giving 75 (f) = 0. This shows that (iii) does not hold.

(i) = (iv) Suppose that (i) holds and let

fe ﬁgezgg ker (jooy)-

This implies, in particular, that fo®g(xg) = 0 for g € Eix‘gt. Since xg € int(Ry(zg)), this
implies that f(z) = 0 for 2 in some neighbourhood of z. In other words, germ, (f) = 0.
(iv) = (iii) Let f € Mt ker(v;). This implies that, for each g € Sint there is a
neighbourhood Uy, of zg such that fo®,(z) = 0 for x € U,. This implies that the infinite
jet of the righthand side is zero, and so f € ﬂgezgg ker(jooy,). Thus f € ker(germ,, ), as
desired.
(i) = (v) Suppose that there exists f € C>(M) with the three given properties.

Consider the closed hyperplane P; = ker(f) and the open half-spaces
H;[ ={a e C®M) | a(f) > 0}, Hy = {a e C®(M) | a(f) < 0}.

We suppose, without loss of generality, that M\cl(Rx(z0)) € H; . Let U be a neighbourhood
of zyp. Condition (vb) on f ensures that U N Hy # (). That is, every neighbourhood of xg
contains points not in the closure of the reachable set, and so X is not locally reachable
from xg.

(v) = (i) Suppose that 3 is not locally reachable from xy. Then, arguing as in the
proof of the implication (ii) = (i) above, we have f_, f; € C°>°(M) such that
1. fi(z) € Ryg for z € int(Rx(xo)),
2. fi(z)=0for x € M\ int(Rx (o)),
3. f-(z) € Ry for x € Ry (xp)¢, and
4. f_(x) =0 for x € cl(Rx(xo)).
Then define f € C*(M) by f = f+ + f—. Therefore, since ¥ is not locally reachable and
satisfies the generalised LARC, by Lemma 3.5 f takes both positive and negative values in
any neighbourhood of xy. This ensures that condition (vb) holds. Since xg ¢ int(Rx(z0))

and since 2y € cl(Rx(xp)), we have f(xg) = 0 and so evy, € ker(f). Finally, we have that
f(z) > 0for z € cl(Ru(xp)) and f(x) < 0 for x € Rx(zo)¢. This is the desired conclusion. B

The middle three conditions of the theorem all admit an interesting interpretation in
terms of a generalisation of the usual notion of a point separating family of mappings.

3.7 Definition: (Ap-point separating) Let U, V, and W be R-vector spaces, let . C
Hompg(U; V) be a family of linear maps, and let Ag € Hompg (U; W). The family .7 is

(i) Ag-point separating if A(u) =0 for all A € .7 implies that Ag(u) = 0;

(ii) point separating if it is idy-point separating. °

With this definition we immediately have the following equivalences for the conditions
of Theorem 3.6:
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1. Condition (ii) <= {evg, o7, | g € ¥y} is germ,, -point separating;
2. Condition (iii) <= {7, | g € St} is germ,, -point separating;
3. Condition (iv) <= {joo7; | g € '} is germ,, -point separating.

3.4. Connection to usual notions of reachability. Let us see how the above definition of
a control system in an étalé Lie groupoid relates to the usual notion of a control system.
We allow here a rather general notion of system, namely that of a “tautological control
system,” following Lewis [2014]; in particular we refer to this cited work for a comprehensive
discussion of the relationship between this quite general class of systems and more normal
types of control systems, e.g., those of the “& = F(x,u)” form. We let v € {o0,w}, let M
be a CY-manifold, and let % be a subpresheaf of sets of CY-vector fields on M. For U C M
open, the subpresheaf .# defines a subset .7 (U) of C”-vector fields on U. For an interval
T C R we denote

LITY(T; .7 (1)) = {X € LITY(T; TW) | X; € Z(W)}.

If T € R-g then, for X € LIT”(]0,T]; % (U)) we have the local diffeomorphism @%0, possibly
with empty domain. We then define

Srr =[Pl € Doy )| @ € dom(®), & =7
for some X € LIT([0,7T];.Z#(U)) and some U C M open}.

We also define
Yz <r = Uelo )27 ts Yz = Utery o 2.7 t-
Thus we see that associated to the tautological control system (M,.#) are three sorts of
control systems, ¥z 7, ¥z <7, and X #, in the étalé Lie groupoid gDiffl”oc(M)'
One then has the following notions of reachability for tautological control systems, made
using our notions of reachability for control systems in groupoids.

3.8 Definition: (Accessibility and reachability for tautological control systems)
Let v € {o0,w} and let & = (M,.%) be a C¥-tautological control system with the associated
groupoid control systems Xz 7, Yz <7, and X #, as above. For g € M, the system & is:

(i) accessible from xg if Xz is accessible from z;
(i

(iii

strongly accessible from xq if X 7z 7 is accessible from z¢ for every T' € R~q;
locally accessible from z if X 2 is locally accessible from xg;

(iv) strongly locally accessible from xq if ¥z 7 is locally accessible for every T' € Rxo;

)
)
)
) small-time accessible from x if there exists T € R such that ¥z <; is accessible
from ¢ for every t € (0,T;

(v

(vi) small-time strongly accessible if there exists T' € R such that ¥ 7 ; is accessible
for every t € (0,T7;
(vii) small-time locally accessible from xg if there exists T € Ry such that ¥z < is
locally accessible from zg for every ¢ € (0,77;
(viii) small-time strongly locally accessible if there exists T € Ry such that ¥z, is
locally accessible for every t € (0,T7;
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) reachable from x if ¥ 4 is reachable from xg;

) strongly reachable from zg if ¥z 1 is reachable from z( for every T' € Ryo;
(xi) locally reachable from x if ¥ 4 is locally reachable from x;

) strongly locally reachable from xg if ¥z 1 is locally reachable from zg for every
T € Ryg;
(xiii) small-time reachable from x if there exists T' € R such that ¥z <; is reachable
from zg for every t € (0, T];

(xiv) small-time strongly reachable from x¢ if there exists T' € Ry such that ¥ 7, is
reachable from xq for every ¢ € (0,7);

(xv) small-time locally reachable from z if there exists T' € R such that ¥z <; is
locally reachable from z for every ¢ € (0, T];

(xvi) small-time strongly locally reachable if there exists T' € R>g such that Xz, is
locally reachable for every ¢ € (0,7]. .

This long list of definitions makes it clear that any of the standard notions of reachability
in control theory can be enveloped by our groupoid theory.

References

Abraham, R., Marsden, J. E., and Ratiu, T. S. [1988]. Manifolds, Tensor Analysis, and
Applications. Applied Mathematical Sciences 75. Springer-Verlag: New York/Heidel-
berg/Berlin. 1SBN: 978-0-387-96790-5.

Agrachev, A. A. and Sachkov, Y. [2004]. Control Theory from the Geometric Viewpoint.
Encyclopedia of Mathematical Sciences 87. Springer-Verlag: New York/Heidelberg/-
Berlin. 18SBN: 978-3-540-21019-1.

Bianchini, R. M. and Kawski, M. [2003]. “Needle variations that cannot be summed”.
SIAM Journal on Control and Optimization 42(1), pages 218-238. 1SSN: 0363-0129.
DOI: 10.1137/50363012902402876.

Bianchini, R. M. and Stefani, G. [1993]. “Controllability along a trajectory: A variational
approach”. SIAM Journal on Control and Optimization 31(4), pages 900-927. ISSN:
0363-0129. DoOI1: 10.1137/0331039.

Grauert, H. [1958]. “On Levi’s problem and the imbedding of real-analytic manifolds”.
Annals of Mathematics. Second Series 68(2), pages 460-472. 1SsSN: 0003-486X. DOI: 10.
2307/1970257.

Hermes, H. [1991]. “Nilpotent and high-order approximations of vector field systems”. STAM
Review 33(2), pages 238-264. 1SsN: 0036-1445. por: 10.1137/1033050.

Jafarpour, S. and Lewis, A. D. [2014]. Time-Varying Vector Fields and Their Flows. To
appear in Springer Briefs in Mathematics.

Kawski, M. [1990]. “High-order small-time local controllability”. In: Nonlinear Controllabil-
ity and Optimal Control. Edited by H. J. Sussmann. Monographs and Textbooks in Pure
and Applied Mathematics 133. Dekker Marcel Dekker: New York, NY, pages 431-467.
ISBN: 978-0-8247-8258-0.


http://dx.doi.org/10.1137/S0363012902402876
http://dx.doi.org/10.1137/0331039
http://dx.doi.org/10.2307/1970257
http://dx.doi.org/10.2307/1970257
http://dx.doi.org/10.1137/1033050

16 S. JAFARPOUR AND A. D. LEWIS

Kawski, M. [1998]. “Nonlinear control and combinatorics of words”. In: Geometry of Feed-
back and Optimal Control. Edited by B. Jakubczyk and W. Respondek. Monographs
and Textbooks in Pure and Applied Mathematics. Dekker Marcel Dekker: New York,
NY, pages 305-346. 1SBN: 978-0-8247-9068-4.

Kupka, I. and Sallet, G. [1983]. “A sufficient condition for the transitivity of pseudo-
semigroups: Application to system theory”. Journal of Differential Equations 47,
pages 462-470. 1ssN: 0022-0396. DOI: 10.1016/0022-0396(83)90045-1.

Lewis, A. D. [2014]. Tautological Control Systems. Springer Briefs in Electrical and Com-
puter Engineering—Control, Automation and Robotics. Springer-Verlag: New York/-
Heidelberg/Berlin. 1SBN: 978-3-319-08637-8. DOI: 10.1007/978-3-319-08638-5.

Mackenzie, K. C. H. [1987]. Lie Groupoids and Lie Algebroids in Differential Geometry.
London Mathematical Society Lecture Note Series 124. Cambridge University Press:
New York/Port Chester/Melbourne/Sydney. 1SBN: 978-0-521-34882-9.

Moerdijk, I. and Mrcun, J. [2003]. Introduction to Foliations and Lie Groupoids. London
Mathematical Society Lecture Note Series 91. Cambridge University Press: New York/-
Port Chester/Melbourne/Sydney. 1SBN: 978-0-521-83197-0.

Stefan, P. [1974a]. “Accessibility and foliations with singularities”. American Mathematical
Society. Bulletin. New Series 80, pages 1142-1145. 1ssN: 0273-0979. po1: 10 . 1090/
S0002-9904-1974-13648-7.

— [1974Db]. “Accessible sets, orbits and foliations with singularities”. Proceedings of the
London Mathematical Society. Third Series 29(3), pages 699-713. 1SsN: 0024-6115. DOT:
10.1112/plms/s3-29.4.699.

Sussmann, H. J. [1973]. “Orbits of families of vector fields and integrability of distributions”.
Transactions of the American Mathematical Society 180, pages 171-188. 1SSN: 0002-9947.
DOI: 10.1090/50002-9947-1973-0321133-2.

— [1983]. “Lie brackets and local controllability: A sufficient condition for scalar-input
systems”. SIAM Journal on Control and Optimization 21(5), pages 686-713. 1SSN: 0363-
0129. por: 10.1137/0321042.

— [1987]. “A general theorem on local controllability”. SIAM Journal on Control and
Optimization 25(1), pages 158-194. 1sSN: 0363-0129. pOI: 10.1137/0325011.


http://dx.doi.org/10.1016/0022-0396(83)90045-1
http://dx.doi.org/10.1007/978-3-319-08638-5
http://dx.doi.org/10.1090/S0002-9904-1974-13648-7
http://dx.doi.org/10.1090/S0002-9904-1974-13648-7
http://dx.doi.org/10.1112/plms/s3-29.4.699
http://dx.doi.org/10.1090/S0002-9947-1973-0321133-2
http://dx.doi.org/10.1137/0321042
http://dx.doi.org/10.1137/0325011

	Introduction
	An outline of the paper.
	Notation and background.
	The basics.
	Geometric notation.
	Jet bundles.
	Topologies for spaces of vector fields.
	Time-varying vector fields.


	From flows to pseudogroups and from pseudogroups to Lie groupoids
	From flows to pseudogroups.
	From pseudogroups to Lie groupoids.

	Control systems in étalé Lie groupoids
	Definition.
	Reachability definitions.
	Conditions equivalent to local reachability.
	Connection to usual notions of reachability.


