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Abstract

The purpose of this paper is to demonstrate the autocovariance
least-squares (ALS) techniques to a laboratory reactor for the con-
version of acetic anhydride to acetic acid. In this way, it is demon-
strated that the methods proposed by Odelson and Rawlings are ap-
plicable to actual process data, and not just theoretical simulations.
A variety of control scenarios are tested including: simple regula-
tory control, setpoint changes, input disturbance rejection, output
disturbance rejection, and model mismatch rejection. We demon-
strate that updating the disturbance parameters while the model
is known sufficiently well, has a significant payoff in terms of con-
trol performance. However, we further demonstrate that more sig-
nificant savings in control performance are realized when the ALS
methods are applied to model mismatch cases. For example, when
an output disturbance model is used to reject an input disturbance,
or when the parameter estimation of a nonlinear model is carried
out incorrectly. For the sake of completeness, a PID controller is
used for comparison purposes. The goal of this project was not to
find a superior or novel control strategy for the acetic anhydride
reaction, simply to demonstrate the benefits of the ALS methods
on an advanced control strategy. However, the control benefits are
seen to be far superior to PID control.

0This technical report is an expanded version of [5], and is also included in [4]

1
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1 Introduction

Consider the following discrete state-space model

xk+1 = Axk + Buk +Gwk (1a)

yk = Cxk + vk (1b)

in whichA ∈ Rn×n, B ∈ Rn×m,G ∈ Rn×g , C ∈ Rp×n, and {wk}Ndk=0 and {vk}Ndk=0 are zero-
mean Gaussian noise sequences with covariances Qw and Rv , respectively. Estimates
of the states of the system are reconstructed using the standard Kalman filter

x̂k+1|k = Ax̂k|k + Buk (2a)

x̂k|k = x̂k|k−1 + Lk[yk − Cx̂k|k−1] (2b)

in which
x̂k|k−1 ≡ p(xk | y0, · · · , yk−1) (3)

The estimate error is defined as εk ≡ xk − x̂k|k−1, with covariance Pk|k−1. This covari-
ance, Pk|k−1 = E[εkεTk ], is the solution to the Riccati equation

Pk+1|k = APk|kAT +GQwGT (4a)

Pk|k = Pk|k−1 − Pk|k−1CT [CPk|k−1CT + Rv]−1CPk|k−1 (4b)

and the Kalman gain Lk is defined as

Lk = Pk|k−1CT [CPk|k−1CT + Rv]−1 (5)

We assume that the estimate error covariance has converged to its steady-state value,
and use the notation P− ≡ [Pk|k−1]k→∞. We further assume that the Kalman gain has
converged to its steady-state value, L.

1.1 Disturbance models

Model predictive controllers typically use an integrated white noise disturbance model
to ensure offset-free control.

xk+1 = Axk + Buk + Bddk +Gwk (6a)

dk+1 = dk + ξk (6b)

yk = Cxk + Cddk + vk (6c)

The integrated white noise disturbance is driven by a Gaussian sequence, {ξk}Ndk=0, with
covariance, Qξ . In practical MPC implementations, the covariances of the disturbances
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entering the process are generally not known, and set arbitrarily. The state and distur-
bance estimates are computed from

x̂k+1|k = Ax̂k|k + Buk + Bdd̂k|k (7a)

x̂k|k = x̂k|k−1 + Lx[yk − Cx̂k|k−1 − Cdd̂k|k−1] (7b)

d̂k+1|k = d̂k|k (7c)

d̂k|k = d̂k|k−1 + Ld[yk − Cx̂k|k−1 − Cdd̂k|k−1] (7d)

The covariance of the driving noise of the integrated white noise is another parameter
that must be estimated from data. Pannocchia and Rawlings [6] demonstrated that a
number of integrators (and the corresponding number of covariance elements) equal to
the number of measurements is required to ensure offset-free control. We extend our
method to include the estimation of the integrated white noise disturbance covariance
(which usually cannot be determined uniquely), or the optimal filter gains (for both the
state and disturbance estimates).

1.2 Overview of the ALS technique [5]

The autocovariance least-squares (ALS) method is derived in [5, 4]. This method uses
the prediction errors (innovations) of the process data to recover the covariances (Qw , Rv ,Qξ)
of the disturbances entering the plant. These covariances are required by the state es-
timator, through the Riccati Equation (Eq. 4). Depending on the model, the estimates of
the covariances may not be unique. When these covariances cannot be found uniquely,
then the gains (Lx, Ld) of the state and disturbance estimates are found using the pro-
cess data. We can use the proposed method to migrate from some initial tuning to a
tuning specified by the data. For example, an initial tuning could be QDMC-like [3] of
the following form [

Lx
Ld

]
=
[

0
×

]
(8)

An initial tuning might be computed using covariance matching, which proceeds as
follows. Given a tuning that stabilizes the system, the covariances of the disturbances
are computed from the residuals of the Kalman filter. It has been shown that the
residuals of the Kalman filter give biased estimates of the covariance. Nevertheless,
this method of tuning the estimator represents a “careful” data-based approach to
finding the unknown covariances, and is compared to the ALS method.

1.3 Quantifying the regulator benefits

In order to compare the control performance using different state estimators, we define
the objective function cost for the regulator. The laboratory controller penalizes the
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deviation of the outputs from setpoint and the differential control action used. That is

Φ =
∞∑
k=0

(yk − rk)TQ (yk − rk)︸ ︷︷ ︸
Φy

+
∞∑
k=0

(uk −uk−1)TS(uk −uk−1)︸ ︷︷ ︸
Φu

(9)

and the average objective function cost over a fixed horizon

Φ̄ = 1
N

N∑
k=0

(Φy + Φu) (10)

We also define an effectiveness factor η similar to the one used in Tyler and Morari [11]
that was used to compute the estimated regulator benefits using additional sensors.

η = E[Φk | original tuning]
E[Φk | updated estimator]

(11)

In this case, instead of evaluating the benefits of additional sensors, we aim to quantify
the advantages of using the updated estimator over the original model.

2 Apparatus

In order to test the results of the performance monitoring research [4] we set up a CSTR
in the lab in which acetic anhydride (Ac2O) and water (H2O) react in an irreversible reac-
tion to acetic acid (AcOH). Figure 1 shows the basic experiment. The reaction consists
of several steps with many intermediates [2]. However, our experiments have shown
that the complicated reaction expressions can be collapsed into one single reaction
equation as long as the concentration of water is far greater than the concentrations of
acetic acid and acetic anhydride. The remaining reaction is a first order reaction since
water is in excess. It looks as follows:

Ac2O +H2O -→ 2AcOH (12)

The controlled variable is the concentration of acetic acid. The water flow rate is
constant and far greater than the flow rate of acetic anhydride which is used as input to
the system. We can measure the temperature in the reactor as well as the conductance
of the solution. The conductance is used to calculate the concentration of acetic acid.
The output flow is only driven by the pressure difference between top and bottom of
the reactor. We assume that the volume in the reactor is constant. This assumption
is valid since the constant flow rate of water into the reactor is a lot greater than the
varying flow rate of acetic anhydride the volume effect of which is neglected.
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2.1 Concentration Measurement

We use deionized water, which means its conductance is close to zero. Acetic anhy-
dride’s conductance is also zero. The only substance that contributes to the conduc-
tance of the solution is acetic acid, after its dissociation:

AcOH -⇀↽- AcO− +H + (13)

The dissociation of acetic acid is a lot faster than the formation of acetic acid. We
therefore assume that it is at equilibrium. That means that the conductance of the
solution allows us to measure the concentration of acetic acid as long as we also know
the temperature. The temperature is needed because the equilibrium constant of the
dissociation is temperature dependent. The method of using the conductance of the
solution to calculate the concentration of acetic acid is a common technique [10].

2.2 Equipment

The conductivity probe that we use in the CSTR is the 515 Dip Cell from Amber Science
Inc. together with their conductivity meter Model 1056. We modified the dip cell and
added a pump in order to pump the solution through the dip cell. That was neces-
sary because we got a hysteresis curve for the conductance when measuring the same
concentration of acetic acid while ramping the temperature up and down (see 2). The
problem with using the unmodified dip cell is the bad mixing that you get if you just
dip the cell into the solution at the beginning of the experiment. As the conductance
in the solution changes due to a different temperature, the solution within the dip cell
doesn’t change as much.

2.3 Calibration

The concentration of acetic acid in our solution can be expressed as a function of con-
ductance and temperature. We therefore took many conductivity measurements at
different temperatures in several different solutions of known acetic acid concentra-
tion. From this data we constructed a look-up table as well as the function itself. The
results are represented in Figure 3.

Quadratic polynomials were an appropriate choice to approximate the measure-
ments. The resulting function is shown below:

cAcOH = (5.1042× 10−4 × T 2 − 5.0250× 10−2 × T + 1.7801)x2
c

+ (−3.4476× 10−5 × T 2 + 3.6197× 10−3 × T − 1.5473× 10−1)xc
+ (4.3185× 10−7 × T 2 − 4.9594× 10−5 × T + 3.3416× 10−3) (14)
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3 Model Building

In order to do model-based control, we need a mathematical representation of our real
plant. We use a discrete time-invariant state space model as shown in Section 1.

3.1 Nonlinear Model

As shown in Section 2, the reaction we are dealing with is a first order reaction as long
as our conditions are met, namely that water is in excess. Making this assumption leads
to the following set of nonlinear differential equations

dcA
dt

= FA
V
cA,f −

(FW
V
+ FA
V

)
cA − k0e−

E
RT cA (15a)

dcC
dt

= 2k0e−
E
RT cA −

(FW
V
+ FA
V

)
cC (15b)

3.2 Parameter Estimation

Most of the parameters above are either known from the literature or can be measured
very easily. The flow rates FW and FA can be measured with a weight scale when the
density is known. The input concentration of acetic anhydride cA,f is also known.
The temperature T is permanently measured with a thermocouple hooked up to the
computer. The only parameters that need to be estimated then are the volume V , the
pre-exponential factor k0, and the activation energy E. The pre-exponential factor and
the activation energy can also be found in the literature [8]. They vary quite a bit,
though. That is why we decided to estimate them ourselves and compare them to the
values in the literature.

In order to find k0 and E we applied two different methods:

• Isothermal data from a batch experiment and an Arrhenius plot

• Non-isothermal data from a batch experiment and a nonlinear program solver to
fit the model to the data

3.3 Isothermal experiments

The reaction constant is known to be

k = k0e−
E
RT (16)

according to Arrhenius’ rate law. By taking the logarithm, we get

lnk = lnk0 −
E
RT

. (17)

By measuring k at different temperatures and constructing the Arrhenius plot (lnk over
1/T ), we can find lnk0 as intercept and − ER as slope in the plot. k can be measured as
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the inverse of the rise time in a batch reactor with known initial concentration of acetic
anhydride because the differential Equations 15a and 15b are reduced to

dcA
dt

= −kcA (18a)

dcC
dt

= 2kcA (18b)

with the solution being (if cC0 = 0)

cC(t) = 2cA0(1− e−kt). (19)

Plots as the one in Figure 4 can be created for several temperatures and k(T) estimated.
From this data the Arrhenius plot can be constructed. See figure 5 for the results.
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Figure 4: Batch experiment to estimate k at a fixed temperature

3.4 Non-isothermal experiments

Another way to get an estimate of k is to use non-isothermal experiments. The pre-
exponential factor k0 and the activation energy E are not temperature dependent, unlike
k itself. Estimates of which are then the result of a nonlinear optimization procedure
in which an according model is fit to the measured data by adjusting k0 and E. Since
the volume V is another parameter that cannot be measured easily with our setup, it
is also one of the parameters to be estimated by the nonlinear program solver.
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Figure 5: Arrhenius plot for batch experiment

The model used for the nonlinear optimization is the same nonlinear model as
presented in Section 3.1. The cost function to be minimized is the square error of the
concentration of acetic acid

Φ =
∑
k
(cC(k)− ĉC(k))T × (cC(k)− ĉC(k)) (20)

We can reduce the parameter correlation [7] between k0 and E by the simple re-
parameterization

k = kme(−E(1/T−1/Tm)) (21)

with
k0 = kme(E/Tm) (22)

and
Tm = E[Tk] (23)

To get good estimates of km and E, we need to take measurements over a wide range
of temperatures as Figure 6 shows. In these plots the cost function Φ is plotted as a
function of the two parameters km and E for different temperature ranges. As we can
see, for ∆T = 0K any choice of E is equally valid. Whereas for ∆T = 1300K the shapes
of the ellipses are much more favorable.
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Since our heating device is not capable of achieving a wider temperature range than
20◦C − 35◦C , we decided to use a value from the literature for the activation energy E.
Thus, we only estimated the volume V and the pre-exponential factor km from data.

Figure 7 shows some of the optimization results. In these plots the measured con-
centration of acetic acid is plotted over time as well as the fitted data resulting from
the optimization for several different measurements. In Table 1, the results are listed.

Table 1: Pre-exponential factor k0 from optimization with 95% confidence interval
Run lnk0 lower bound upper bound

1 12.543 12.069 12.863
2 12.427 11.972 12.739
3 12.507 9.637 13.171
4 12.284 11.806 12.606
5 12.251 11.626 12.632
6 12.508 11.955 12.862

In order to verify the results a sensitivity evaluation was applied. With the sensitivi-
ties computed from the differential equation you can calculate the confidence intervals
for the estimation procedure [7]. Consider the following system of ODEs:

dx
dt

= f(x;Θ)

x(0) = g(x0;Θ)
y = h(x)

where x is the state vector, Θ are the unknown model parameters, x0 are the initial
conditions, and y the measured quantities. We used weighted least squares of the
residuals to penalize the error between the measurements and the model with the
estimated parameters. With the weighting factor being one, the residuals ek and the
objective function Θ are the following:

ek = yk,meas − h(x(tk;Θ)) (24)

To fit the model to the data we optimize

min
Θ
Φ(Θ) =

∑
k
eTk ek (25)

The sensitivities are now a time-varying matrix,

Smn(tk) =
∂xm(tk;θ)

∂Θn
(26)

Using the Gauss-Newton approximation of the Hessian, we get

H = 2
∑
k
STk
∂hTk
∂xk

∂hk
∂xTk

Sk (27)
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Figure 7: Optimization results for several measurements. Inputs and outputs with
fitted outputs
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Using the Hessian, the confidence intervals for the parameters are given by

Θi = Θi,opt ±
√
χ2
p(α)H−1(i, i) (28)

with χ2
p being the chi-squared distribution function and α being the confidence limit

(here 95%). It is assumed here that many samples are used. If that was not the case we
would have to use the F distribution multiplied by the number of estimated parameters
instead of the chi-squared distribution.

3.5 Linear Model

We use the Linear Quadratic Regulator and linear Model Predictive Control to control
our plant. Therefore, we have to linearize the nonlinear model from Section 3.1 around
some steady state cAs , cCs and FAs in order to get to the state space realization from
Section 1. The nonlinear model

dcA
dt

= FA
V
cA,f −

(FW
V
+ FA
V

)
cA − k0e−

E
RT cA (29a)

dcC
dt

= 2k0e−
E
RT cA −

(FW
V
+ FA
V

)
cC (29b)

is linearized

d∆cA
dt

= −
(FW
V
+ FAs

V
+ k0e−

E
RT
)
∆cA +

(cA,f
V

− cAs
V

)
∆FA (30a)

d∆cC
dt

= 2k0e−
E
RT ∆cA −

(FW
V
+ FAs
V

)
∆cC − cCs

V
∆FA (30b)

cA = cAs +∆cA (30c)

cC = cCs +∆cC (30d)

FA = FAs +∆FA (30e)

This continuous linear model converted into state-space representation is listed below:

dx
dt

= Ax + Bu (31a)

y = Cx (31b)

where

A =
 −(FWV + FAs

V + k0e−
E
RT
)

0

2k0e−
E
RT −

(
FW
V + FAs

V

) 
B =

[ cA,f
V − cAs

V
−cCsV

]
C =

[
0 1

]

x =
[
∆cA
∆cC

]
u = ∆FA
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Table 2: Numerical values for parameters
Parameter Value Unit
cA,f 10.58 mol
cAs 0.034236 mol
cCs 0.04 mol
E 10.9× 4168.8 J/mol
R 8.314 J/mol/K
k0 2.6× 105 1/s
V 0.45 l
T 296 K
FW 1.7611× 10−3 l/s
FAs 9.0745× 10−6 l/s

This model or rather its discrete equivalent is used throughout this work. The numer-
ical values of all the parameters can be found in Table 2.

A =
[

0.99379 0.00000
0.00457 0.99607

]
B =

[
23.362161
−0.035043

]
C =

[
0 1

]
(32)
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4 Motivation

Assuming the process is running at steady-state, and the state estimator has been tuned
in a suboptimal way (covariance matching say). We begin by analyzing the steady-state
behavior of the process. We are ultimately interested in comparing the total objective
function value costs. At steady-state, the inputs and outputs form normal distributions
by the central limit theorem. The mean value of the quadratic form of a normally
distributed variable [1] is given as

E[(yk − rk)TQ(yk − rk)] = E[yk − rk]TQE[yk − rk]
+ tr(Q× E[(yk − rk)(yk − rk)T ]) (33)

A similar expression can be written for the inputs

E[(uk −uk−1)TS(uk −uk−1)] = E[uk −uk−1]TSE[uk −uk−1]
+ tr(S × E[(uk −uk−1)(uk −uk−1)T ]) (34)

We assume that at steadystate, the means of the inputs and outputs are constant, and
thus remain constant in the objective function cost. In this situation, the steady-state
covariances of the inputs and outputs are the main contributors to the objective func-
tion costs. The frequency distributions for the outputs and the differential control
action (uk − uk−1) is shown in Figure 8. The operator might decide the inputs of the
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Figure 8: Initial behavior in the plant

process are too aggressive and turn the input penalty up to slow it down. This behav-
ior is illustrated in Figure 9. The average objective function costs are summarized in
Table 3. As can be seen, greater reduction in the control action can be realized by re-
tuning the estimator rather than the regulator. These results can also be demonstrated
on non-steady-state behavior. For example, the input/output response to a setpoint
change using the original tuning is shown in Figure 11. The operator may decide that
the control action is too aggressive and increase the control penalty. After such a
change, the response to the same setpoint change is shown in Figure 12. Clearly, the
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Figure 9: Response to increase in input penalty

A better solution is to diagnose that the estimator has been tuned incorrectly. The
aforementioned autocovariance least-squares methods are applied to the data in Fig-
ure 8. Based on this new estimator tuning, the response is shown in Figure 10.
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Figure 10: Control behavior with updated state estimator tuning

Table 3: Objective function costs for regulatory control in the motivating example
Case I Case II Case III

Φy 0.14790 0.12552 0.14749
Φu 0.45873 0.23975 0.10604
Φ 0.60663 0.36527 0.25353
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Figure 11: Setpoint change with original tuning

control action is less aggressive, but at the cost of decreased tracking performance.
Finally, in Figure 13, the response is shown using the updated tuning from the ALS
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Figure 12: Setpoint change with increased control penalty

method. The tracking performance using the ALS estimator is better than both the
case when the original tuning is used, as well as when the hypothetical tuning is used.
The input cost is smaller than the original case, but larger than the operator updated
case. However, the total objective function cost using the ALS estimator is 18-24%
smaller than either of the first two scenarios, as summarized in Table 4.
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Figure 13: Setpoint change using updated state estimator

Table 4: Objective function costs for servo control in the motivating example
Case I Case II Case III

Φy 1.2654 1.8195 1.2051
Φu 0.66181 0.25164 0.38121
Φ 1.9272 2.0711 1.5863
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5 Sampling Issues

Next we explore the ability of the ALS methods to adapt to disturbances that vary slowly
over time. These methods are not appropriate for disturbances that change rapidly over
time. Consider that the ALS methods cannot respond to changes in the character of
the disturbances until they have already occurred and have persisted for some length
of time.

Table 5: Conditions used for sampling experiment
Samples

at 1000 Hz
Exogenous
noise (σ )

0-2500 500 0
2500-6000 1 0

6000- 1 +0.001

In the first 2,500 points, we use the base case scenario, in which the data acquisition
(DAQ) system samples 500 points at 1,000 Hertz. In the next 3,500 points, the DAQ
samples one point at 1,000 Hertz. Finally, a large exogenous noise sequence with a
known standard deviation is added to the output. The exogenous noise simulates a
dramatic interference in the sensor quality, as well as a way to demonstrate the accuracy
of the ALS methods. Since the standard deviation of the noise is known, the covariance
to which the ALS converges must be the specified distance from the initial estimate
of the covariances. The output of the system is shown in Figure 14. The effects of
the exogenous noise are quite obvious, and the change in sampling rate can be seen to
a lesser extent. The results of the ALS method are shown in Figure 15. The method
picks up a small change in the sensor noise covariance when switching the sampling
rate. The green line represents the difference of the previously estimated Rv value,
plus the known variance of the exogenous noise sequence. The ALS method correctly
converges to the new covariance. Also on the plot are the results that the covariance
matching techniques predict based on the residuals of the state estimator. The results
are consistent with Chapter 3 of [4], in which it is shown that covariance matching
techniques give biased estimates of the covariances.

6 Steady-state behavior

The next experiment is to demonstrate the ALS methods on steady-state data, in which
the regulatory problem is staying at a fixed setpoint. The tracking performance for the
original estimator and the ALS estimator is similar. Eight times less control action is
used to remain at setpoint, however. In Figure 16, the frequency distribution function
for (uk − uk−1) is shown for the original tuning and the ALS tuning. The same set-
point tracking is accomplished using much less control action. Table 6 summarizes
the average objective function costs and the corresponding efficiency factors.
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Figure 15: Estimating the dynamic shift in the Rv matrix
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Figure 16: Input frequency distributions for steady-state regulatory control

Table 6: Objective function costs for steady-state regulatory control
Covariance
Matching

Autocovarince
Least-Squares

η

Φy 0.126726 0.127236 1.0
Φu 0.411991 0.049851 8.3
Φ 0.538716 0.177087 3.0

7 Servo control

The next experiment demonstrates the ALS method on a servo control problem, specif-
ically a step change in the setpoint. The output comparison is shown in Figure 17. The
output tracking performance is similar for both the ALS and covariance matching esti-
mators. The corresponding inputs are shown in Figure 18. Less than half the control
action is required under ALS to achieve the same target tracking performance. The cor-
responding average objective function values and efficiency factors are summarized in
Table 7. In this case, tracking performance is slightly sacrificed, but the cost of the
inputs has been greatly reduced. The reduction in control cost outweighs the increase
in tracking cost, with a 15% net reduction in the total objective function cost.

Table 7: Objective function costs for servo control
Covariance
Matching

Autocovariance
Least-Squares

η

Φy 1.1393 1.2309 0.93
Φu 0.63504 0.29100 2.18
Φ 1.7744 1.5219 1.16
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Figure 17: Setpoint change - output comparison
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8 Output disturbance rejection

The next section deals with the regulatory problem when unmodeled deterministic
output disturbances enter the system. Figure 19 shows the output response to a step
disturbance in the reactor concentration. The output tracking is slightly better using
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Figure 19: Rejection of deterministic output disturbance - output comparison

the ALS estimator. The corresponding inputs to the system are shown in Figure 20.
The input saturates at its lower bound trying to reject the disturbance, but does not
affect the convergence of the ALS method. The average objective function costs and
efficiency factors are summarized in Table 8. The control performance using the ALS
estimator is 30% better than the nominal tuning.

Table 8: Objective function costs for output disturbance rejection
Covariance
Matching

Autocovariance
Least-Squares

η

Φy 4.37355 3.60347 1.2
Φu 0.96514 0.53254 1.8
Φ 5.33870 4.13601 1.3
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Figure 20: Rejection of deterministic output disturbance - input comparison
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9 Input disturbance rejection

In the previous experiments, we believe that the model is an accurate representation of
the plant. Considerable effort went into creating an accurate model, and the tempera-
ture operating region was bounded to limit the effects of linearizing the model. Next
we make an input step disturbance to the valve signal of the reactor. Since we have
modeled the system as an output disturbance, significant plant/model mismatch has
thus been introduced. A comparison of the output performance is shown in Figure 21.
Using the ALS estimator, the regulator is able to reject the disturbance four time faster
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Figure 21: Rejection of deterministic input disturbance - output comparison

than using the nominal estimator. The frequency distributions for the differential in-
puts (uk − uk−1) are shown in Figure 22, which has a slightly smaller variance in the
ALS case. The average objection function costs and efficiency factors are summarized
in Table 9. The fast rejection of the disturbance using the ALS estimator is reflected
in the total objective function costs, which is six times better than the nominal estima-
tor. We have computed a filter gain that is quite different than the tuning computed
in Sections 7- 8, since the estimator now adapts to significant plant/model mismatch.
While the closed-loop control performance using this estimator is good when reject-
ing an unmodeled input disturbance, there are robustness issues to consider. If this
estimator has “over-fit” the data in such a way that the new filter gain fails in other cir-
cumstances, the estimator would be ineffective in an industrial setting. So next we use
the updated tuning from the input disturbance, and make a setpoint change. The con-
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Figure 22: Rejection of deterministic output disturbance - input comparison

Table 9: Objective function costs for rejecting input disturbance
Covariance
Matching

Autocovariance
Least-Squares

η

Φy 2.966938 0.40781 7.3
Φu 0.291027 0.15653 1.9
Φ 3.257964 0.56434 5.8

trol performance is nearly identical to the nominal case, and is summarized in Table 10.
We conclude that even by using an estimator that performs well in the input distur-

Table 10: Efficiency factors for input disturbance tuning on setpoint control
Autocovariance
Least-Squares

Φy 0.98
Φu 1.07
Φ 0.99

bance case, the control performance is no worse when used to perform servo control.
The ALS results in Table 9 are replicated in Table 11 to demonstrate the consistency of
these results. As we see, these results are highly reproducible.
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Table 11: Replicates of input disturbance experiments
Replicate 1 Replicate 2 Replicate 3

Φy 0.23935 0.23493 0.23669
Φu 0.28427 0.26355 0.25684
Φ 0.52362 0.49848 0.49352



TWMCC Technical Report 2003-03 29

10 Input/Output Model Mismatch

We conjecture that using the estimator to diagnose and compensate for model mis-
match is even more important than correcting for unknown disturbance statistics (given
a correct input/output model). The previous example reinforces this conjecture, in
which the type of disturbance was mismodeled. In the following example, we intro-
duce significant mismatch in the input/output model. It is assumed that the volume of
the reactor is not known correctly, and the linearization was performed around a false
operating point.

The concentration is depicted for a setpoint change in Figure 23. There is some oscil-
latory behavior as the regulator tries to drive the output to setpoint using an incorrect
dynamic model. Since the volume of the reactor was underestimated, the controller
model contains a smaller reactor time constant, and the controller is therefore more
aggressive. The output using the ALS estimator is shown as well. The tracking perfor-
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Figure 23: Setpoint tracking with model mismatch - output comparison

mance of the ALS estimator is much better than the estimator based on a covariance
matching approach. Furthermore, the inputs for the two cases are illustrated in Fig-
ure 24. The control cost is three times better using the ALS estimator over the nominal
case, and is summarized in Table 12. These results are replicated in Table 13, which
shows them to be highly reproducible.
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Figure 24: Setpoint tracking with model mismatch - input comparison

Table 12: Objective function costs for model mismatch
Covariance
Matching

Autocovariance
Least-Squares

η

Φy 1.13182 0.47902 2.3
Φu 36.83336 12.49991 3.0
Φ 37.96518 12.97893 2.9

Table 13: Replicates of model mismatch experiments
Replicate 1 Replicate 2 Replicate 3

Φy 0.49004 0.46385 0.49291
Φu 11.941 10.435 11.514
Φ 12.431 10.899 12.007
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11 PID Control

While the objective of this project was not to find a novel control system for the acetic
anhydride reaction, we include the results of PID control for comparison. We use the
tuning provided in [9], and the PID results for the setpoint change, input disturbance
rejection, and output disturbance rejection can be found in Appendix C.

12 Conclusions

The experimental evidence in this paper supports the theories and conjectures pro-
posed in [4]. We have demonstrated that the autocovariance least-squares methods
are effective in diagnosing and correcting the estimates of the disturbance statistics
in the plant. Further, we have illustrated two cases that show that model mismatch
in both the type of disturbance model, as well as input/output model mismatch, can
have a dramatic effect on the total control costs. Further, we demonstrate that using
the proposed autocovariance least-squares methods can account for this mismatch in
the estimator, thus keeping it away from the regulator.
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A Laboratory Setup

Figure 25: Laboratory setup
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Figure 26: Laboratory reactor



TWMCC Technical Report 2003-03 35

B Nomenclature

Upper Case Letters

A — plant state transition matrix

Â — model state transition matrix

B — plant input matrix

B̂ — model input matrix

G — plant noise shaping matrix

Ĝ — model noise shaping matrix

C — plant measurement matrix

Ĉ — model measurement matrix

E — Activation energy [J/mol]

R — Gas constant [J/mol/K]

V — Volume [l]

T — Temperature [K]

FW — Input flow rate of water [l/s]

FA — Input flow rate of acetic anhydride [l/s]

N — horizon length or window size

Q — output regulator penalty

S — differential input regulator penalty

W — least-squares weighting

P− — estimate error covariance at k given measurements through k− 1

Pk|k — estimate error covariance at k given measurements through k

Qw — plant state noise covariance

Q̂w — model state noise covariance

Qξ — plant integrated white noise covariance

Q̂ξ — model integrated white noise covariance

Rv — plant sensor noise covariance

R̂v — model sensor noise covariance

L — Kalman gain
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Lower Case Letters

dk — output disturbance at time k

uk — input vector at time k

xk — state vector at time k

wk — state noise sequence

vk — sensor noise sequence

ξk — integrated white noise sequence

x̂k|k−1 — state estimate at k given measurements through k− 1

x̂k|k — state estimate at k given measurements through k

d̂k|k−1 — disturbance estimate at k given measurements through k− 1

d̂k|k — disturbance estimate at k given measurements through k

yk — output measurement vector

cA — Concentration of acetic anhydride [mol/l]

cC — Concentration of acetic acid [mol/l]

cA,f — Concentration of acetic anhydride in the input [mol/l]

k0 — Pre-exponential factor [1/s]

cAcOH — Concentration of acetic acid [mol/l]

xc — Conductance of the solution [mS]

Greek Letters

α — confidence level of χ2
p

Φ — objective function cost

Γ — autocovariance function matrix

Ψ — autocovariance function matrix

Φ̄ — average objective function cost

η — efficiency factor

ε — state estimate error

Caligraphic Letters

Y — innovations

I — permutation matrix
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C PID Control
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Figure 27: PID Servo control

 0.035

 0.04

 0.045

 0  50  100  150  200  250  300  350  400

yk
PID

setpoint

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 0  50  100  150  200  250  300  350  400

uk
PID

Figure 28: PID output disturbance rejection
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Figure 29: PID Input disturbance rejection
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D Overview of Labview Program

The data acquisition is done using two data acquisition devices from National Instru-
ments, a FieldPoint FP1000 and a SCXI1000. Both devices can directly communicate
with LabVIEW. The acetic anhydride pump and the heating device are controlled by
the FP1000. The temperature measurement device is also hooked up to the FP1000
via a FP-TC-120, a thermocouple input card. The conductance is measured using the
SCXI1000.

LabVIEW offers an easy way to do the data acquisition and provides many tools to
program a graphical user interface. Furthermore, a gateway to MATLAB is included in
LabVIEW which can then be used to do the matrix calculations for the target, controller,
and estimator.

D.1 Graphical User Interface

The graphical user interface (GUI) was developed to give the user a way to check the
experiment while it is running. Also, the user should have enough possibilities to tune
the controllers and estimators without overloading the GUI. The following options can
be specified (see also Figure 30):

• PID, LQR, MPC, or manual mode

The controller can be chosen. The penalty matrices for the LQR and MPC con-
trollers are set in the according MATLAB file.

• Set point

The acetic acid concentration that is desired.

• PID parameters

K, cI , and cD need to be specified.

• Manual settings for heating device and acetic anhydride pump

If the control mode is set to manual these values are used for the heating device
and the pump.

• Steady-state KF, time-varying KF, or manually set L

These are the different choices for the estimator. The manually set L corresponds
to a steady-state Kalman gain.

• Estimator covariance matrices Qw and Rv
Unless the estimator is set to manual L these matrices are used to compute the
Kalman filter gain.

• Initial guess x̂0 and P0

x̂0 is the initial guess of the state for the estimator. If the estimator is set to
“time-varying KF” P0 is used as initial error covariance matrix.
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• Choice of fixed model or time-varying model

The fixed model is computed by using the parameters that can be set within
the LQR VI (virtual instrument) or MPC VI. In the time-varying mode the model
is recalculated at each time step by linearizing the nonlinear model around the
measured state.

• Deterministic input disturbance

The size of the disturbance that is then added to the input can be specified here.

• Deterministic output disturbance

The size of the disturbance that is then added to the output can be specified here.

• Added measurement noise

Measurement noise can artificially be added by specifying its standard deviation.

• High/low signal to noise ratio

High signal to noise ratio means that the output is averaged over 500 samples at
1000Hz. In the low settings only one sample at 1000Hz is used as output.

• File name for data output

The time, measurements, set points, inputs, and estimated states are recorded
and save to this file name.

D.2 Controller Implemenation

The LQR/MPC controllers, target calculators, and estimators are all programmed in
MATLAB. MATLAB scripts can be called from within LabVIEW using a so called MAT-
LAB node. This is very convenient because that way all the algorithms can be tested
using only MATLAB and simulations instead of using LabVIEW and the real experiment.
The whole LQR/MPC setup is divided into different subsystem each represented by a
different LabVIEW VI. Each SubVI mostly consists of a MATLAB node in which an m-file
is called. A list of all SubVIs used to calculate the control moves of the LQR/MPC setup
follows (see also Figure 31):

• MPC ss

The steady-state is calculated by setting the right-hand side of the nonlinear ODE
equal to zero.

• MPC model

The linear model in state-space representation is computed by linearizing around
a steady-state that can be specified.
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Figure 30: LabVIEW gui for lab experiment
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• MPC target

The target calculator generates feasible targets according to the current estimate
of the disturbance and the desired set points with respect to the linear model.

• LQR/MPC contr.

The actual controller is implemented here. Again a MATLAB m-file is used to
calculate the input sequence. The solution to the steady-state Riccati equation
provides the LQR feedback law. It is therefor time invariant. The MPC version
solves a quadratic program with constraints to come up with the input sequence.

• Est. fixed

This SubVI calculates the estimates with the steady-state Kalman gain to be spec-
ified.

• MPC kf ss

The steady-state version of the Kalman filter computes state estimates after solv-
ing a steady-state Riccati equation for the error covariances. The noise covariance
matrices Qw and Rv are provided as inputs to the SubVI.

• MPC kf

This SubVI provides state estimates by solving the recursive time-varying Kalman
filter equations in MATLAB.

The PID controller was completely programmed in LabVIEW without the help of
MATLAB nodes. Its LabVIEW diagram can be found in the appendix in Figure 33.
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Figure 31: LabVIEW diagram of the basic structure
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Figure 32: LabVIEW diagram of the implementation of LQG/MPC
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Figure 33: LabVIEW diagram of the implementation of PID


