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Abstract

This research systematically investigates the fluid damping for micromachined beam-type resonators with high resonant frequencies. The work
is aimed to find a general fluid damping law which can quantitatively be used as a design tool for the resonance-based micro sensors by accurately
predicting the quality factor for resonators operated in air or liquid. Micro-cantilevers with different dimensions are fabricated and tested in order to
extract the damping characteristics. Combined with dimensional analysis, a novel linear fluid damping model is proposed, considering the effects
from both device’s dimension and the resonant frequency. Further by numerical analysis, the model is generalized to resonators with differently
shaped cross-sections. Also the proposed fluid damping model provides an attractive way to use simple beam-type resonators as fluid viscosity

sensors and air pressure sensors.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Micromachined beam-type resonant structures are widely
applied as high-performance sensors [1,2]. One of the most
important parameters for the resonators is the mechanical
quality factor (Q). In general, for a resonator, sensing can be
based on a change of resonant frequency, amplitude or phase.
High Q factor will result in a sharp frequency response in
these resonant parameters, which leads to high sensitivity [3].
Understanding the factors that dominate the damping of the
resonators and thereby determining Q are extremely important.
It not only helps to improve Q factor prediction, but also helps
to optimize sensor design.

Most micro/nano scale resonators require vacuum operat-
ing condition to achieve high Q factor. There are also many
useful applications involve sensing in real-world environments,
such as air or liquid [4,5]. Quality factor in flexural beam is
impacted negatively by fluid damping. An open design problem
in micro/nano-sensors is maximizing sensitivity in environments
of increased fluid damping. For example, in [5], the authors
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demonstrate a parametric resonance based mass sensor which
shows good sensitivity when operated in air. In this work, we
focus our interest on the fluid damping defined by cases where
the fluid drag force is the dominant damping source. We assume
that the resonator is isolated from other objects, so the effects of
such as anchors and squeeze-film damping are not considered.
For a beam-type resonator, we detail in this work that there are
three important factors which influence Q factor: dimensions,
resonant frequency and cross-sectional shape.

High resonant frequency is a key advantage of micro/nano
resonators for certain applications [6]. For “in-fluid” oscillation
in this region, the fluid damping characteristics behave dramati-
cally different compared to the low frequency or the steady flow
cases, which results in frequency-dependent fluid damping. On
the other hand, the resonator dimensions, especially those whose
directions are perpendicular to the flow, play an important role
in the fluid damping. The cross-sectional shape is relatively less
controllable from design point of view, due to the limitations
of micro machining methods. Resonators with three kinds of
cross-section shapes are considered in detail: cantilever with
rectangular cross-section, carbon nanotube with circular cross-
section, and scanning probe with trapezoid cross-section.

There has been little research done to quantitatively explore
this frequency-dependent damping in a high damping medium.
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Fig. 1. Suspended silicon cantilevers with different dimensions, piezo-
electrically actuated with out-of-plane motion.
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Nomenclature

(a,b)  dimensionless coefficients in (10)

Cdamping = (F/u) damping coefficient (N s/mz)

di,dy dimensions of the elliptic or rectangular cross-
section (Fig. 7), dq||lu, d2 L u

F fluid drag force per unit length (N/m)

Re Reynolds number

u velocity of the resonator (m/s)

Greek letters

8 penetration depth defined in (4) (m)

y Euler’s constant (0.577)

A dimensionless parameter defined in (5)

nw viscosity of the fluid (kg/m s)

0 density of the fluid (kg/m?)

w resonant angular frequency

For air damping, Newell presented a widely-used formula of Q-
factor for an oscillatory cantilever with rectangular cross-section
[7], from which the fluid damping coefficient can be expressed
as:

Cdamping >~ 24 (D

where F is the fluid drag force per unit length on the cantilever, ©
is the fluid viscosity and u is the velocity of the cantilever. The
drag force shown in (1) is independent of resonant frequency
and device dimensions (such as width and thickness). While
investigating the pressure dependent damping of a cantilever,
Blom [8] observed the pressure and resonant frequency effects
on air damping. The effects are explained using the drag force
of an oscillatory sphere [9].

In this paper, motivated by the experimental observations
from MEMS cantilevers, a new linear fluid damping model is
proposed for the beam-type resonators. Using numerical analy-
sis, the model is generalized to other resonators with differently
shaped cross-sections. Finally a general fluid damping law is
achieved with limited overall error. Two attractive potential
applications for simple beams are discussed: fluid viscosity sen-
sor and air pressure sensor.

2. Linear fluid damping model
2.1. Device description and experimental observations

A batch of suspended MEMS cantilevers with different
dimensions are fabricated using silicon-on-insulator (SOI)
wafers (Fig. 1). The length varies from 100 to 800 wm and the
width varies from 10 to 50 wm. The thickness for all the devices
is uniformly 5 pm. The cantilevers are actuated by a piezo-
electric base/anchor shaker. A laser-vibrometer setup [10] is
used to capture the harmonic frequency response of the end-point
displacement. From the response curve, the damping character-
istics can be extracted. All the testings are carried out in ambient
air (1~ 1.870677 x 107 kg/ms).

For each length and each resonant mode, we test the damping
coefficients (Cgamping) Of the cantilevers with respect to differ-
ent widths. It is observed that Cgamping 0f the cantilevers varies
with both the resonant frequency and the device’s width. Typ-
ical testing results are shown in Fig. 2 (cantilevers of length
600 wm), which shows clearly that the damping coefficient is
linearly dependent on the device width for each resonant fre-
quency. It is also observed that this dependence varies with the
resonant frequency, in other words, different resonant frequen-
cies correspond to different slopes. The results with respect to
the resonant frequency are re-plotted in Fig. 3 for different width
values.

2.2. Linear fluid damping model

Here the fluid damping model is proposed, based on
the experimental observations mentioned above together with
dimensional analysis. According to classical fluid mechanics
[11], the drag force of an object is proportional to the object’s
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Fig.2. Experimental results for cantilevers of length 600 wm length, with respect
to different widths.
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Fig. 3. Experimental results for cantilevers of length 600 wm, with respect to
different resonant frequencies.

velocity u when u is small. By referring the drag force expres-
sion of a vibrating sphere, the drag force of a vibrating cantilever
has the following form:

F = mpuf @

where fis a dimensionless function of resonant frequency (),
cantilever width, fluid density (p) and fluid viscosity (w):

S = f(width, p, o, 1) 3)

For viscous fluid, a characteristic length 5—called penetration
depth, is usually defined [9] as:

2p

5= 4
pw
We define a dimensionless parameter A as:
width
b= &)

According to the dimensional analysis in [11], function f can
further be simplified:

f = f(width, p, @, 1) (6)
f = f(width, §) 7
r=r (M50 = 09 ®

To be consistent with the experimental observations that F' is
linearly dependent on the width, as the first-order approximation,
function f can be written as:

f=a+bxr 9

Or the corresponding damping coefficient is:

F
Cdamping = ; = mu(a + bi) (10

where coefficient pair (a, b) is dimensionless and will be deter-
mined in detail later.

Fig. 4. Comparison of the damping coefficient Cgamping between experiments
and simulations.

Using the definition of A in (5), we can reorganize the exper-
imental data for all lengths. The results are plotted with respect
to A in Fig. 4. The figure shows a clear linear relationship, which
conforms to the proposed model (10).

2.3. Considerations for model generalization

As discussed above, the proposed linear damping model (10)
is based on the experimental motivation and the dimensional
analysis for cantilevers with rectangular cross-section. The aim
of this work is to find a general law to describe the fluid damping
for beam-type resonators with differently shaped cross-sections.
To achieve this, several questions need to be considered.

e Applicability of model (10) to other types of flexural res-
onators.

e Determination of parameter pair (a, b) and their sensitivity to
cross-section shape.

e The overall error of using model (10) for other resonators.

A numerical method to extract the fluid damping force needs
to be first developed before we can attempt to generalize the
fluid damping model. This is presented next.

3. Numerical simulation

Numerical simulation provides another way to explore the
fluid damping, with the advantage of dealing with the influence
of various and irregular cross-sectional shapes.

3.1. Simulation procedure

Finite element analysis software COMSOL is used for numer-
ical modeling. The software provides the ability to deal with
moving boundary problem using the Arbitrary—Lagrangian—
Eulerian (ALE) algorithm. The procedure to find the fluid drag
force contains three steps:
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Fig. 5. COMSOL simulation of cantilever oscillation (10 kHz) in air: pressure
and velocity of the fluid.

e Solve the moving boundary problem.
e Solve for the incompressible Navier—Stokes flow.
e Solve for the fluid drag force by integration around the surface.

The details of the first two steps can be referred in [12]. Fig. 5
shows the pressure and velocity distribution of the fluid (air)
when a cantilever (only the rectangular cross-section is shown)
is oscillating horizontally with a sinusoidal velocity. At step 3, by
integrating the fluid stress and pressure around the boundary of
the cross-section, the corresponding fluid drag force is also found
to be sinusoidal for steady oscillation. Typical simulation results
are shown in Fig. 6. Comparing the phases between the drag
force and its corresponding velocity, Fig. 6 clearly shows a phase
difference (0). Numerically we find that this phase difference is
oscillatory frequency dependent. For small frequency, the drag
force is almost in-phase with the velocity (6 &~ 0). But for greater
frequency, they can be as much as 90° out-of-phase (6 ~ (1/2)).
In general, the drag force (F) has two components: one is in-
phase with the velocity (denoted as Fj|) and the other is 90°

£ Drag force and velocity vs time

1 —— Drag force per unit lengt (N/m)
velocity/1000 (m/s)

Drag force per unit (N/m)

time (s) 4

Fig. 6. Fluid drag force and the corresponding velocity: phase lag.

out-of-phase (denoted as F' ), or
Fy=F xcos 6 (1D
F| =F xsin 6 (12)

F) contributes to the fluid damping while F, contributes to the
additional “mass loading” to the cantilever, which will result in
a resonant frequency left shift for the resonator.

3.2. Comparison with experiments

The simulation is carried out for different device dimensions
(width and thickness for a cantilever) and different resonant fre-
quencies. Results are plotted with respect to the parameter A in
Fig. 4. The comparison between the experimental data and the
simulation data shows a good agreement, which not only vali-
dates the numerical analysis, but also provides a way to extract
the parameter pair (a, b) numerically by curve fitting. For the
cantilevers, from Fig. 4, we get a ~ 1.45 and b~ 2.06, or

Cdamping ~ (1.45 + 2.061) 1 13)
4. Model generalization

4.1. Parameter b and its sensitivity to different
cross-sections

For high resonant frequency application (A >> 1), the param-
eter b will dominate the fluid damping model (10):

Cdamping ~ bAmu (14)

Determination of parameter b is subjected to numerical analysis
and comparison to experimental results. From the experimen-
tal and simulation results presented in Fig. 4, parameter b is
extracted as:

b2 (15)

Since this relation is applicable only for the rectangular cross-
section with specific thickness (5 wm thickness for tested can-
tilevers), two concerns arise. The first is its sensitivity to differ-
ently shaped cross-sections. The second concern is the sensitiv-
ity of parameter b to the dimension whose direction is parallel
to the flow, due to the fact that damping model (10) ignores the
effect of this dimension. For the cantilever in our example, this
dimension is the thickness (d;) in Fig. 7.

The damping coefficients for three different cross-section
shapes are compared: rectangular (5 pm thickness, 100 pm
width), trapezoid and circular cross-sections. The results are
shown in Fig. 8, from which it can be shown that the relative dif-
ferences among are less than 5%. This indicates that parameter b
is insensitive to device cross-section variation which could come
from the design or the fabrication. But for cross-sections with
non-streamlined boundary (such as the rectangle), the effect of
the thickness cannot be ignored when it is comparable to the
width. Numerically we compare the damping coefficients for
different frequency-width combinations (1) with varying thick-
ness. The results are shown in Fig. 9, from which it can be
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Fig. 10. Static damping: Oseen’s approximation, numerical simulations.

concluded that for high width-to-thickness ratio (d2/d; >5), the
effect of the thickness is insignificant.

4.2. Parameter a and its sensitivity to different
cross-sections

The parameter a has a dominant damping influence in (10)
for systems with low frequency (A ~0). For the rectangular
cross-section resonators such as cantilevers, there is no simple
analytical expression. However, for elliptic cylinder shown in
Fig. 7, Oseen [11] derived an expression for the fluid drag force,
from which the corresponding a has the following form:

4
“T @ /d + ) — y — log((Re/16)((d; + do)/d)

(16)

where y is the Euler constant and Re is the Reynolds number.
Two assumptions are made for (16). First is that the minor
axis is parallel to the velocity direction (d|u), the other is
small Reynolds number (Re < 1) which is usually satisfied in
micro/nano fluidics. For circular cross-sections,

4
0.5 — y —log(Re/8)
and for cross-section with high aspect ratio (d> >> d),
4
a= (18)

—y —log (Re/16)

For rectangular cross-sections with high aspect ratio (shown
in Fig. 7), (16) can be used as an approximation. Numerically
we compare the difference of parameter a between rectangular
and elliptic cross-sections, for different aspect ratio d»/d;. The
results are plotted in Fig. 10, from which it can be concluded that
approximation (16) can be safely used to model the rectangular
cross-section cases with less than 10% relative error, even when
dy/dy ~ 1.

All the expressions for parameter a (16)—(18) are for steady
flow. For oscillatory cases, because Reynolds number (Re) is
no longer uniform for the whole device, one must interpolate
an average value of a according to the Reynolds number range.
Fig. 11 shows the plot for expression (18).
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Fig. 11. Reynolds number dependent parameter a.
S. Discussion

In the previous section, we generalized the experimentally
motivated fluid damping model to resonators with differently
shaped cross-sections. Especially for high frequency applica-
tions (A > 1), the fluid damping model can be simplified as:

Cdamping = 2Amu (19)

Expression (19) is applicable to the resonator whose cross-
section has a smooth surface, such as cylinder or elliptic cylinder.
For resonator with an irregular cross-section shape, high aspect
ratio (at least >5) is required for using (19) with a limited error
(<5%).

According to (19), there are two potential applications for
simple beam-type resonators: viscosity sensor and air pressure
sensor. From (19), we can easily get:

Camping = Width 7/2p0p (20)
Also for air, the relationship between the pressure and the density
is:

pxXp 1)

from which we can easily get:

Cdamping X Jr (22)

with the assumption that the viscosity does not change with the
pressure. By detecting the damping characteristics of a simple
beam resonator (for example, Q factor), according to (20) and
(22), we should be able to measure the fluid viscosity and the
air pressure.

6. Conclusion
This research is aimed to improve Q factor prediction and

therefore to improve the design of the flexural oscillation based
micro/nano sensors and actuators which operate in high damp-

ing medium such as air or liquid. We quantitatively validate and
generalize the frequency and geometry-dependent fluid damping
model for micromachined flexural resonators with differently
shaped cross-sections. By determining the parameter pair (a,
b) in (10) and investigating their sensitivities to both the cross-
section shape and dimension parallel to the flow, a widely appli-
cable damping law is given in (10) and (19) with limited overall
error (<5%) for high frequency application (A > 1). Although
only three types of cross-section are considered in this paper,
the sample represents a large constituent of technically relevant
flexural oscillators.
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