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ABSTRACT

Nonlinearity plays a critical role on the behavior of
oscillators operating in the parametric resonance
mode. Here, we study the effects of Effective
Nonlinear Parameter, (effective cubic stiffness), 3.
on the behavior of parametric resonance in a micro
electro mechanical oscillator. The value of y3.5 can
be tuned by changing the amplitude of applied
voltage. Varying the sign of y;.; can switch bi-stable
area from one side of the parametric resonance area
to the other side. Both experiment and analysis show
this switch and the results agree very well with each
other.

INTRODUCTION

Micro and nano-scale oscillators have found
numerous applications in recent years with the

advancement of fabrication and integration
technologies. Electromechanical filters[ 1],
biological and chemical sensing[2, 3], force

sensing[4, 5] and scanning probe microscopes[6] are
a few applications. As technology allows for smaller
scale features (hence decreasing amplitudes of
motion), mechanical to electrical transduction
becomes more and more difficult. Thus, mechanical
domain parametric amplification schemes[7-9] are
attractive. Parametric amplification schemes
additionally have good noise rejection and broad
bandwidths of operation.

In this paper, we demonstrate how in a particular
design of the electrostatic drive combs and
mechanical springs, we can tune the effective cubic
stiffness, thereby obtaining a wide range of
qualitatively varying frequency responses. We focus
on how tuning the effective cubic stiffness affects the
parametric resonance characteristics of a micro
oscillator. Paramterically driven oscillators show
promise as filters and with this technology a single
oscillator can be tuned to function as low pass, high
pass or band pass filter. There is very good
agreement with perturbation analysis of the model.
This in turn offers tangible design guidelines to
engineer the response characteristics like bandwidth
and shape of the response in terms of the design and
operating parameters.
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We have presented a study of parametric resonance
in a MEM oscillator with cubic mechanical and
electrostatic force terms elsewhere[10]. A 2:1
sub-harmonic resonance (first order parametric
resonance) can be generated in an electro statically
actuated oscillator with time varying effective
stiffness. The dynamic response of the oscillator can
be understood to a good degree when modeled with a
non-linear Mathieu equation[10, 11]. We have shown
that the effective cubic nonlinearity with
contributions from the mechanical constraints and
electrostatic fringing field plays an important role in
the dynamic response of the oscillator.

DEVICE

The oscillator under study is fabricated by S.G.
Adams[12] using SCREAM[13], a bulk
micro-machining technique, for the independent
tuning of linear and cubic stiffness terms (Fig. 1).
The area of the device is about 500x400 um’. Tt has
two sets of parallel interdigitated comb finger banks
on either end of the backbone and two sets of
non-interdigitated comb fingers on each side. The
four crab-leg beams provide elastic recovering force
for the oscillator. The springs, backbone and the
fingers are ~2 wm wide and ~12 um deep. Either the
interdigitated or the non-interdigitated comb fingers
may be used to drive the oscillator.
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FIG. 1 A Scanning Electron Micrograph of the
oscillator. Note the crab-leg beam springs (S), the two
sets of interdigitated comb finger banks (C) on both ends
of backbone (B) and non-interdigitated comb fingers (N)
on each side of backbone (B).
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THEORY

When electrical signal is applied between the
non-interdigitated comb fingers and the oscillator,
the electrostatic force generated depends on the
position of the oscillator. In the experiments
presented here, we use a square rooted AC voltage
signal (V, (I+cos2t)’?) in order to isolate the
parametric response from that of the direct harmonic
response[7]. Under such a drive voltage, the equation
of motion could be written in normalized form as
follows:
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and m, k; and k; are the mass, linear and cubic
mechanical stiffness of the oscillator, ¢ is the velocity
proportional damping coefficient, ; and r; are linear
and cubic electrostatic stiffness and t=wt is
normalized time variable. The electrostatic force is
modeled here as

F(x,) = —(rx + 1, Wi (1+ cos(2at)) 2)

We use a two-variable perturbation method [11] to
analyze Equation (1). The detailed analysis is
presented elsewhere[10], only the relevant results are
discussed here. When the driving frequency is about
two times the first resonant mode frequency of the
oscillator, and driving voltage amplitude above a
critical value, 2:1 sub-harmonics are generated. The
amplitude and phase of this response within this
range of frequencies is given by
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where 3 is the ENP (Effective Nonlinearity
Parameter) of the system, a sum of contributions
from cubic mechanical stiffness, which is fixed for a
particular beam design and voltage dependant cubic
electrostatic stiffness.

1 10

Ve = F(st + ?rSVAZ) (5)
¥4

This result is schematically represented in Fig. 2. The
solution characteristics of Equation (3) depend on the
sign of ENP. Let us assume the ENP is negative. In

this case of @*=0 and 7, R” = _44 +%7 . a
3eff

nontrivial stable solution exists at f;>-1 and the

trivial solution is unstable. When
%= 7/ and 37 2 __Ap -1 th
A an R R 3734/ , another

nontrivial (unstable) solution exists and the trivial
solution becomes stable, at f,>1. There are two
stable solutions at f3,>1, so area III is a bi-stable
area. If ENP is positive, these two solutions will exist
at f,<-1 and bi-stable area occurs at area 1. The
responses are mirrored about a vertical axis at f;=1
and characteristics of area I and IIT are swapped. The
growth of R* with respect to £ in different areas is
also schematically shown in Fig. 2, where the solid
line represents stable solution and dashed line
represents  unstable  solution. Since fS;=#/
corresponds to transition curves from stable to
unstable areas in /-0 plane, bifurcation occurs when
we quasi-statically vary frequency of the input
voltage across the transition curve.

81\

B=1-5

B=1+5

P=1£01- 40

p=1 B

FIG. 2 Schematic characteristics of the solution of the
first order parametric resonance.

For the oscillator in our study, boundary element
(electrostatic force calculation) and finite element
(mechanical  stiffness  calculation)  numerical
simulation results show that the values of
electrostatic stiffness parameters »; and r; are
3.3e-3uNVZum and -0.98¢-3 uNVZ/um® and
mechanical cubic stiffness &° is 0.0437 uN/um’. By
varying the applied voltage, the value of ENP can be
tuned and even switched from positive to negative
(see Fig. 3). It should be noted that the figure is a
simulation result and does not exactly match the
experimental results.

Based on these values, we use numerical method to
solve equation (3). The results are shown in Fig. 4.
The amplitude of motion, R”, is calculated at a low
voltage (V4=6 V) and a high voltage (V=25 V)
respectively. Referring to Fig. 3, y3.¢1s positive at
V4=6 V, while p;.yis negative at V,=25 V. Bi-stable
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area switches from right side to left side.
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FIG. 3 The effective nonlinear parameter as a function of
the driving voltage amplitude V,. Note that the sign of
effective nonlinear parameter can be switched from
positive to negative by changing applied voltage.
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FIG. 4 Numerical simulation results of the first order
parametric resonance at different voltages (6 V and 25
V) in B-6 plane. Note the other two solutions are
unstable and cannot be observed in the experiment.

EXPERIMENTS

The experiments reported here are performed in a
multi-dimensional MEMS motion characterization
setup[14], as shown in Fig.5. The oscillator is placed
in a vacuum chamber with an ambient pressure of
~7mTorr. The in-plane motion is detected by a Laser
Doppler  Vibrometer (Polytec OFV-501/3001)
through a 45° mirror. Velocity and displacement
signals are recorded and analyzed through a
Spectrum Analyzer (HP89470A) and an Oscilloscope
(TDS 420 A).

To actuate parametric resonance, voltage signal is
applied between the non-interdigitated comb fingers
and the oscillator. A square rooted AC signal is
used to avoid coupling with harmonic resonance. At
7.6V, 23.8V and 33 V, the frequency responses of
parametric resonance are shown in Fig. 6, 7 and 8
respectively. Frequency is swept up (increasing) and
down (decreasing) to capture the bi-stable

characteristics of parametric resonance. Fig. 6, 7
and 8 show the change in the frequency response of
the parametrically excited oscillators, corresponding
to the value and sign of ENP. At a lower voltage (7.6
V), ENP >0, bi-stable area occurs at the right side of
parametric resonance area. When the applied voltage
is increased to a higher voltage (33 V), ENP <0,
bi-stable area occurs at the left side. Fig. 7
corresponds to an ENP value ~ 0 and we see that
there are bi-stable areas on either side of the
parametric resonance area. This is not very surprising
given that there should be a transition of the
bi-stability from region I to region III with tuning of
the ENP.
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FIG. 5 A schematic of characterization setup. The device
is put in a vacuum chamber, where temperature and
pressure can be adjusted. The motion is detected by a laser
vibrometer.

CONCLUSION

In conclusion, we have demonstrated that tuning the
effective non-linear stiffness can drastically change
the frequency response of an auto-parametric
oscillator. The metric of importance is the ENP. A
perturbation analysis of the governing non-linear
Mathieu equation sheds light on the effect of cubic
nonlinearity on the response. Experimental results
agree well with the analysis. Its been demonstrated
that the Effective Nonlinear Parameter of the
oscillator can be tuned to have frequency responses
which can be utilized as low pass, high pass or band
pass filter within the region of parametric resonance
excitation.
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Fig. 6 The frequency response curve of parametric
resonance at V,=7.6 V. Note bi-stable area is
located at the right side of parametric resonance
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Fig. 7 The frequency response curve of parametric
resonance at V,=23.8 V. Both sides show bi-stable.
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Fig. 8 The frequency response curve of parametric
resonance at V,=33 V. Note bi-stable area is located
at the left side of parametric resonance area.
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