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ABSTRACT

Resonant mode operation is common in many MicroElectroM echanical (M EM) applications including
accelerometers, gyroscopes and filters [<ovacs (1998). Nowyen (1999)] \when electrostatic transduction is used in
these applications, concerns about cross talk and fringing field effects due to geometry are major
issues. In this paper, an electrostatically coupled system is briefly introduced, modeled and the dynamic
response due to small parametric (displacement dependant) electrostatic force is analyzed using
perturbation methods. The presence of coupled parametric resonance has a very significant effect on
the dynamic response. Experimental verification of the occurrence of this phenomenon is also
presented here. The coupled oscillator system can also be used as an in situ test device to understand
the electrostatic parametersin a system. The method of modeling and analysis presented hereis simple,
yet captures the dynamic behavior of a system due to a small force. This method can be generalized
and will be a useful tool in any resonant MEM system design.
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1. INTRODUCTION

Oscillators operating in a resonant mode are widely used for sensing and actuation in micro-systems. Low
damping and unique scaling laws lead to very interesting effect in MEMS resonant dynamic systems [ 19%8) There
are numerous applications in filter technology, force sensing, switches and other sensing/actuation systems for resonant
MEM systems. Electrostatics is a preferred mode of transduction in micro-systems. Modeling the electrostatic forces
generated in complicated geometries is a challenge in such systems. Analytical methods can be time-consuming and
problem specific. Using simulations is a good option, but is limited by lack of knowledge of material properties at the
micro-scale and accurate geometries due to processing variations.

In this paper, we present a novel oscillator system whose measurable dynamic properties can be used to
understand the electrostatic properties of the micro-scale transducers. This system also brings out the effect of
electrostatic interaction (between two components in the same system or ‘cross-talk’ between two adjacent systems) in
introducing a time-varying stiffness into the dynamics. Even if the electrostatic coupling strength is small, its effect on
the system stability may be pronounced and need to be taken into account in design.

Section 2 begins with an introduction to the coupled oscillator system. In the first two sub sections the
electrostatic and mechanical domain modeling is presented. The complete system dynamics are modeled and one of the
cases of interest is analyzed using perturbation techniques. Section 3 describes some experimental observations from one
such system and is followed by a discussion of the implications of the results for various applications in section 4.
Section 5 summarizes and looks ahead at the future directions of work with coupled oscillator systems.

2. SYSTEM MODELING AND ANALYSIS
The system consists of two mechanically isolated torsional MEM oscillators. The oscillators are actuated using
out-of-plane electrostatic drive, one of the common sensing/actuation mechanisms in micro-scale systems. The two
oscillators are coupled by electrostatic interactions between adjacent comb fingers. Figure 1 is a schematic of the basic
coupled oscillators system and Figure 2 shows the scanning electron micrograph of the coupling region. Typica
dimension values are given in Table 1.The details of the design and fabrication of such a system are presented
elsewhere[BaSkaran(ZOOO)].
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Figure 1: Schematic of the coupled oscillator system. The ‘comb fingers' represented by dark lines are anchored to the substrate and
the others are ‘floating’ or movable fingers.

Figure 2: of the cling comb fingers aftte process of deep etching and release. The depth to thickness aspect ratio of the
‘released’ or movable featuresis about 25:1.

Design Parameter plmen5|on
inym
Thickness of all
features 1
Depth of all features | 25

Torsion beam length | 38

Backbone length 360
Backbone width 24
Combfinger length 25
Combfinger gap 2

Table 1: Typical design values of the MEMS torsiona oscillator.



In order to model the system, two energy domains need to be taken into account — the mechanical and
electrostatic. The electrostatic interaction is modeled using a Boundary Element Method and mechanical parameters, the
stiffness and inertia of the oscillators, are obtained by using a Finite Element model.

2.1 Electrostatic M odel

Using analytical expressions to model the electrostatic forces generated in complex geometries like comb finger
configuration is non-trivial and time-consuming ¥ %! byt has good agreement with Boundary Element simulations.
The ratio of the torque generated to the angle of rotation at the comb fingers is defined as an ‘electrostatic stiffness’. It
has been observed that the distance to the ground plane in the finger configuration affects the out of plane force (™9 (1992
Miller (19971 byt has not been taken into account in many models. Boundary Element simulations of the out of plane forces
give comparable results to analytical expressions and experimental observations [HY (2000 Tumer (1999)d - ging g model
shown in Figure 3, a boundary element electrostatic solver COULOMB (Integrated Engineering Software) was used to

obtain the variation of the torque produced with changing comb finger vertical position (which translates to rotation
angle of the torsion beam, scaled by the length of the cantilever beam).
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Figure 3 COULOMB model for electrostetic calculations: There are 3 movable comb fingers and 2 fixed fingers along with the
ground plane. The forces in the center movable finger were used for calculations.
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Figure 4 Torque produced as a function of the angle of rotation of the oscillator. Results from BEM simulations of model shown in
Figure 3.

From the simulation results above, it should be noted that for the comb finger configuration in the torsional
oscillator could be modeled, to the first order, as alinear ‘electrostatic * spring.



2.2 Mechanical Model

In order to estimate the values of the mechanical parameters of the system, namely the stiffness and Inertia, a
Finite element model of the oscillator was used. The comb finger details were not included in this model. The material
was assumed to be single crystal silicon. Two dimensional beam elements were used to model the oscillator and the
anchor points were assumed fixed points.

The first few natural frequencies and mode shapes of the single oscillator was found using Finite element
software  (I-DEAS). The oscillators were designed such that the second and higher natural frequencies were far away
from the first and not integra multiples of the first to avoid combination resonance effects in parametric
excitation! ™90 The moment of inertia was also calculated using a utility in the FE software. Figure 5 shows the
first mode shape (corresponding to the lowest natural frequency) simulated. The second was an in plane ‘twist’ mode
and the corresponding natural frequency was more than twice the natural frequency of the first.

By design, the second and higher mode frequencies were higher than the operating ranges of the oscillators and
hence can be ignored in a first order model. Each of the oscillators was then modeled as a single degree of freedom
mechanical oscillator (represented as a pendulum in Figure 6).

Figure 5: Frame capture of the displacements during the first natural mode of oscillation. In this mode, the displacements are purely
perpendicular to the plane of the wafer. The oscillator motion can be compared to that of a“see-saw” about the axis of the supporting
torsion beams.

2.3 System dynamics

Based on the simulations in the above two sections, a first order model is developed for the system. Figure 6
shows the schematic of the spring-mass equivalent system to the coupled MEM system. The springs here represent the
electrostatic stiffness in the system from the interdigitated comb fingers and the pendula represent the MEM torsion
beams.

ki, k2 =Mechanicd Stiffness
K1 = Electrostatic

K 1 Kk coupling “ stiffness”
T 2 K swaion = Electrostatic
/k/\/\/;’E actuation combfinger
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Figure 6: Schematic of the equivalent mechanical system and the MEM oscillator system.



The system as represented by Figure 6 has associated kinetic energy (T) and potential energy (V) as follows.
.2 .2
T=11.0,+%Y1.0, Eqn

V=10l k0l Wk -V L 90
%k3ﬁ2&/3_v4)26§+%klz&/z_V3)2@1_92)2 Eagn

Fi=-c@, Eqgn
F,=-c@, Eqn
where

I,,I, =mass moments of inertia of the oscillators,

: d . d
leael ’ szaez'

0,.0,=angular displacement of the oscillators,
k., Kk, =mechanical stiffness of the oscillators,

Kot Karor Ko = €lectrostetic stiffness of  combfinger configurations,

V1,V2,Vzandy, =externa potential applied at the contact pads

F, and F, are the damping forces proprtiond to the velocities of
either of the oscillators

Cc = viscous damping constant

In writing the energy terms, its been assumed that only the torsional degree of freedom is present and that the
electrostatic stiffness varies linearly with rotation angle (as observed in the simulations) for small angle rotations. The
sguare dependence of electrostatic force (and hence torque) on potential difference is a consequence of fundamental
concepts in electrostatics and has been observed experimentally. For the most general case, the external applied voltage
can be of any waveform - DC, harmonic wave, an impulse, triangular pulse etc. The damping in the system can be
treated as external dissipative forces acting on the system. The mechanism of the damping is dependent on the ambient
conditions and has been assumed viscous for the operating conditions of our test setup and verified by experimental
observations.

Using Lagrange’s equation [Geemood (1988)] \ith the damping introduced as non-conservative forces, we can
derive the following system of governing equations using equations 1-4.



1 Otk Bt kea VLS %1% kol VS %1— 92% cg,=0 Eqn 5
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This system of equations (5 and 6) governs the operation of the coupled torsional oscillator system assuming a
single degree of freedom for each of the oscillators. These equations are coupled differential equationswith time varying
coefficients. Of interest is the case when the coupling strength is small, since the electrostatic stiffness is orders of
magnitude smaller than the mechanical stiffness here.

Depending on the forms of externa forcing voltages, the equations above will take the form of coupled forced
harmonic equations with or without parametric forcing (a forcing function proportional to the angular displacement and
periodic in time). Normal mode analysis can be done to understand the behavior of the case of non-parametric resonance
and is available plenty in literature including Me"Vi" (1%8)] The response in a general case will be amplitude modulated
harmonic functions or ‘beats'.

Single torsional MEM oscillators have been extensively studied (™™ %) gnd modeled. Of interest in some
MEMS applications is the case when the oscillator motion is governed by Mathieu system [Nafeh (1979). Catmell (1950)]
Equations 5 and 6 reduce to a set of coupled Mathieu equations under certain external voltages. The case when the
forcing functions are sinusoidal is of particular interest for resonant mode applications of MEMS. This system of
equations will lead to simultaneous excitation of direct and parametric resonance for the case of sinusoidal input voltages
as the electrostatic forces scale as the square of voltage difference. In order to isolate the parametric behavior of the
system for easier experimental study, we use squarerooted sinusoidal input voltage signals.

In the following section, we'll discuss the analysis of the system governing equation for parametric forcing. The
method of analysis is general and valid for many different forcing conditions. For demonstration, the algebraically
simple case of coupled Mathieu system will be shown in this paper. Equations 5 and 6 reduce to the form 7 and 8 under
such a case.

when \/ =V .,=0; V.=V ,=V .. = VAcos Qt)

I, @+ ck, @+ Ky, Acos( Qt)%@l—gzﬁ+c91:0 Eqgn
1, 0,t k,Q,+ ki Acog( Qt)%92—91%+092=0 Egn
For the case of no damping , scaling T = Qt ,equations 7 and 8 can be rewritten as
O.+w .0 .+e.c0s1(@,-0,)=0 Eqgn
0.+w .0 ,+¢e, 00510 ,-0,) =0 Eqn 10
where
2 Kk, Ak o,
= £, = —=—
W~ T q- oo,
K, Ak o,

2
W.~7Tq° >~ T,q°



Since the electrostatic ‘stiffness’ ky, is orders of magnitude smaller than the mechanical stiffness (obtained from
the BEM and FEM simulations), the governing system of equations reduces to that of coupled second order differential
equations with small time dependant (periodically forced) excitation — or Mathieu system of equations. Methods of
perturbations will reveal qualitative features of the response and give directions for numerical solutions.

2.4 Analysis of the system equations: M ethod of two-variable expansion.

The method of two-variable expansion is a perturbation method where the solution of aweakly forced systemis
obtained by modifying the solution of an unforced system. In this method, the ‘constant coefficients' of the harmonic
solution of an unforced system is assumed to be varying in ‘slow time'. This is equivalent to the method of multiple
scales. The equations 7 and 8 can be rewritten as follows for the case of ho damping. The perturbation analysisis done
assuming no damping and the effect of presence of damping is discussed later.

For the case when the moment of Inertia of the two oscillators are same (but the mechanical stiffness is
different), the small parameters €; and e, will be identical, say €. The method of two-variable expansion involves starting
with a solution for the system of equations 9 and 10 of the form

@ .(t.,n) =a;(n)cos( w,r) + b, (n)sin( @,r) Egn 11
0 ,(.n)=a,(n)cos{ @,r)+b,(n)sn( @,r) Egn 12
where

n =¢t, a dow time - scale

When these expressions are substituted in the governing equation, the condition for removal of the secular
terms gives rise to the "slow-flow "equations - which are the equations governing the dynamics of the coefficients (ay,
b;, &, by) in slow time n. These will be linear coupled equations and the time domain response will govern the
amplitudes of motion of the oscillators. If the slow time response of the coefficients are sinusoidal, the overall response
will be amplified and modulated, but will remain bounded. If the response blows up (exponential growth), then the
amplitudes of the oscillator response will be exponentially growing sinusoids - which is unbounded response.

From the analysis of the above equations, it was found that, there are exponentially growing solutions for the
following cases:

1.When the driving frequency is twice the natural frequency of either of the oscillator (uncoupled first order
parametric resonance)

2.When the driving frequency is the sum of the two natural frequencies (coupled parametric resonance).

When the driving frequency is equal to the difference of the two resonance frequencies, the slow flow response is
sinusoidal, thereby giving a frequency modulated output response.

It is known that parametric resonance (for a single oscillator case) has a dependence on amplitude of the drive,
unlike direct resonance. For asingle oscillator, it is known that with increasing amplitude of drive, there is exponentially
growing response at awider band of frequencies around the central parametric resonant frequency. In other words, there
is aregion of instability in the driving frequency, drive amplitude parameter space. The perturbation analysisis done at
frequencies perturbed (by a small amount ) off the instability curve (w; + w, = 1) perpendicular to the curve at each
point, in order to map the instability zone in the non-dimensional parameters (% w,?€) space. The perturbation
analysisis performed on the following pair of equations subjected to the condition w,;+u,=1.
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0.+w.0,= ¢ [cosr(92—91)+592] Eqn 14
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This leads to the following instability zonein the (w,%w,? ¢ ) space ( Figure 7)
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Figure 7: Representation of the instability boundary in the (w?wy%€) parameter space. The region inside of the ' V' shape has
parametric response while the outside region doesn't. This result is from first order perturbation analysis, which implies that it holds

good only for small values of €. (The Z-axis parameter)

The effect of damping, if small Ei .€. same order of magnitude as the parametric forcing term) can beincluded in
the two-variable expansion perturbation [Ra® @01 The effect of damping will be to introduce a minimum amplitude of
forcing required for any parametric resonance to be observed. This will appear as the ‘tongue’ of instability curve
looking likea‘U’, rather than a‘V’ as shown in Figure 8.
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Figure 8: Schematic of the effect of damping on the instability curve as obtained from perturbation analysis.

The perturbation analysis for various cases of driving voltages was done using the symbolic Math software
MACSYMA. The various cases of external forcing voltages lead to the same qualitative result of occurrence of coupled
parametric resonance (exponentially growing sinusoidal solution) when driving at the sum of the natural frequencies and
an amplitude modulated sinusoidal when driving at the difference of natural frequencies.



2.5 Numerical Analysis

The qualitative behavior of the oscillator system response is understood by perturbation method, and lends itsel f
as a framework to do numerical simulations in the appropriate parameter space. The amplitude build up to resonance is
slowed down, but nevertheless exponentially increasing for the case including damping. Figure 9 shows a comparison
plot between the case of no damping and damping at parametric resonance.
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Figure 9:Numerical simulation result for the case of w, + w, = 1; [w,= .3, w,=.7]. The light trace is the case with no damping and the
dark is the case with a non-dimensional damping factor of .2. This result is in close agreement of the analytical results for both the
cases.

3. EXPERIMENTAL RESULTS

The experiments discussed here were performed using the high accuracy laser Doppler vibrometry
technique! ™™ @9 Y The devices were packaged in a 24-pin package and wirebonded to the contact pins. A voltage
source (HP33120A) and a custom-made voltage amplifier were used to generate the excitation voltages. The
displacement and velocity outputs from the vibrometer were recorded and analyzed with a HP Spectrum Analyzer
(HP89470A) and Tektronics Oscilloscope (TDS 420 A). The schematic of the test set up is as shown in Figure 10. The
Laser Doppler Vibrometer with built in controllers and sensor heads (Polytec, OFV-3001, and OFV- 511) uses a633-nm
wavelength, 205-mm cavity length Helium-Neon laser. The principle of measurement is optical interferometry. It is a
heterodyne interferometer, meaning the velocity magnitude as well as the direction is determined by use of an additional
Bragg cell[P¥c 199 The controller in the sensor head demodulates the radio frequency signal from the sensor head and
information about the velocity and displacement of the moving part focused is obtained from the frequency and phase
respectively. This gives different limits on the velocity and displacement measurement ranges. In the experiments
performed with the coupled oscillators, response measurements are in either displacement X (um) or velocity V (mm/s)
depending on the frequency of operation. It should be noted that for harmonic forced oscillations, either of the data gives
the same information and is related by the frequency of response. [ X=Acos(wt); V=- Aw sin(wt)]
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Figure 10: Schematic of the experimental set up used to measure real time displacement and velocity data of the moving oscillator.



The impulse response of the system [response to a burst signal of amplitude ~40V] was recorded real time.
Amplitude modulated harmonic response (beats) and an exponential amplitude decay with time was observed (see figure
11). Aninput voltage of ~40V (Dark trace) was applied to one of the oscillators and its response (velocity data from the
laser interferometer in mm/s) recorded real time. There are two characteristic frequencies (the harmonic and ‘beat’
frequency) associated with the response, which is typical of weakly coupled oscillator systems. It can aso be seen that
the system is underdamped, as there is an exponential reduction in amplitude of the oscillations.
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Figure 11: Response velocity data to impulse input and curve fitting (dark trace-least square fit <2%) of the response data with an
equation of the form A+Be®[cos(wt+d1)* (cos(Qt+dp2)+sin(Qt+d3))]. The parameters that were extracted from the fit are the
harmonic frequency component (w), beat frequency(Q) and the exponential amplitude decay constant(b).

Parameter Fit from Impulseresponse (Experimental)
Harmonic frequency (w) 154.48 kHz

Beat frequency (Q) 24.76 kHz

Non-dimensional Damping co-efficient (b) [7.7736e-4

Table 2: Parameters extracted from the experimental data of Impulse response

The numbers from the above experiment verify the assumptions in the model that the electrostatic force and
damping parameters are small by an order of magnitude compared to the mechanical parameter. Also, it illustrates one
experimental procedure by which some of the system parameters can be extracted using the dynamic response of the
system.

The behavior of the oscillator system response in the parametric instability “tongue” would be such that when
driven close to the sum to the two natural frequencies, there will be response at two frequencies which add up to the
driving frequency. This response was captured in one of the coupled oscillator systems in the experiments. The
frequency domain response of the oscillator shown in Figure 12 captures the essence of such aresponse.
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Figure 12: Response of the oscillator system to excitation with a sguare rooted sinusoidal forcing function with an
amplitude of 20Vpk-pk. As the driving frequency is changed within the instability “tongue”, the oscillator system
response is such that the sum of the two response frequencies is equal to the driving frequency. The individual natura
frequencies were independently found to be 176.5kHz and 179.65 kHz for the system tested here.

4. DISCUSSION

The anaysis and experimental verification of the occurrence of coupled parametric resonance in this
electrostatically coupled torsional MEM device has many implications for a range of resonant electrostatic MEM
applications. Whenever there is a possibility of presence of a displacement-dependant force (parametric) generation,
however small in magnitude, its effect can be significant. Asymmetric electric fields sometimes lead to parametric force
generation. Some examples of such situations are parallel plate actuators, out-of-plane or ‘levitation’ comb drives, in-
plane drive with non-interdigitated comb finger banks, buckled actuators/sensors (buckling may occur due to stress
arising out of processing conditions). Obtaining a high degree of fabrication control in semiconductor processing is
difficult and expensive.

Many dynamic responses that are not captured by a simple first-order model are often attributed to possible
non-linearity in the system. The phenomenon of parametric resonance suggests that even in the absence of non-linearity,
a rich dynamic behavior could result. The perturbation analysis predicts that parametric resonance will be excited only
when & (proportional to the electrostatic “stiffness’ kyy) is greater than the damping constant ‘c’. Thisimplies that when
the damping is small (‘Quality factor’ is large), the possibility of occurrence of parametric effects is higher. One of the
desirable qualities of MEMS based sensors is its high ‘ Quality factor’, where even a small parasitic signal could trigger
the parametric resonance.

There are many applications where the occurrence of coupled parametric resonance can be harnessed. One
application arising from the coupled parametric response (described in figure 12) is a tunable frequency splitter.
Parametric resonance plays a vital role in applications where both sensing and actuation are electrostatic. The fact that
the drive and response frequencies are different in parametric resonance can be used to decouple the sense and actuation
frequencies. A coupled system with natural frequencies that are incommensurate will have the drive and sense
frequencies differentiated by any design amount.



CONCLUSION AND FUTURE WORK

Understanding the effects of electrostatic interactionsisimportant for design of electrostatically actuated/sensed
resonant mode MEMS. The model development and analysis of the dynamic characteristic of a coupled MEM systemiis
presented. The modeling and analysis methods described here are useful tools in the design of many resonant mode
MEMS. The perturbation analysis reveals the effect of small magnitude time varying stiffness introduced to the system
through electrostatic interactions. Experimental evidence supporting the model is also presented. The system of coupled
oscillators can be used as atest bench for understanding the micro-scale electrostatic transduction .

The idea of using dynamic characteristics like resonant frequencies and forced response to estimate system
parameters (inertia, stiffness) is a classic experimental mechanics tool. Using parametric resonance behavior is an
extension of thisidea. The transition between stable and unstable region (Figure 7) is very sharp due to the exponential
rate time dependence of the solution. Mapping the transition curve experimentally is presently under progress. The effect
of varying different design parameters, like the distance between the comb fingers, the overlap length of the fingers, can
be studied using such a configuration of coupled oscillators.
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