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ABSTRACT

In this work we consider a sensing strategy using dynamic
bifurcations in MEMS resonators. We examine the statistics of
jump events that occur as a result of a linear parameter sweep
through a subcritical pitchfork bifurcation in a parametrically
driven MEMS resonator in the presence of noise. The statistics of
jump events are compared to those derived from a simple one-
dimensional model and are found to have good agreement. Issues
related to how system and input parameters affect these statistics
are described, and sweeping strategies that lead to precise, fast
estimates of the bifurcation point, as essential for these sensors, are
derived. It is shown that for a typical MEMS resonator an optimal
sweep rate exists, and noise may need to be added to achieve
optimal sensitivity.

INTRODUCTION

Nonlinear systems often exhibit jump events near bifurcation
points. Common examples include the jump events encountered in
the frequency response of nonlinear MEMS resonators; see, for
example, Figure 1 (top). These jump events result in sudden and
significant changes in response and thus may be exploited for
highly sensitive measurements. Examples include threshold and
linear amplification modes of the Josephson bifurcation amplifier
[1], parametric measurements of a NEMS Duffing resonator [2],
and frequency estimation of a parametrically forced MEMS
resonator [3]. It has been proposed that such measurement
methods be employed for mass sensing [4]. Noise in MEMS result
in a smearing of the observed bifurcation point. Accordingly, we
examine the statistics of jump events as a result of linear parameter
sweeps.

In this paper we concern ourselves with the jump events that
occur during a sweep through the subcritical pitchfork bifurcation
in a parametrically resonant MEMS device. The frequencies at
which the jumps occur are not fixed. Indeed they depend on the
parameter sweep rate, and even for a fixed sweep rate they are
randomly distributed as a result of thermal noise. As an example,
distributions of jump events for a particular device for sweep rates
spanning 0.004-0.4Hz/sec at ambient noise are shown in Figure 2.
The device is the parametrically driven gyroscope described in [5].
For this resonator, which has linear natural frequency 8.4888kHz,
the jump events vary by up to 3Hz, depending on sweep rate. In
addition, jumps generally occur after the bifurcation point, which
is estimated to be at 8.4851kHz according to the measured
parameters of our model. The width of the distributions ranges
from approximately 0.1Hz to 0.5Hz for individual sweep rates, see
Figure 2. The aim of this work is to examine the distributions of
these jump events and compare them to the predictions from a one-
dimensional, single parameter model, and to use the results to
derive optimal sweeping strategies. Results such as these are
required for one to effectively exploit dynamic bifurcations for
sensing in MEMS.

THEORY

Near simple bifurcation points, such as the pitchfork
considered here, there is a slowing down of the system dynamics in
the phase space along the direction of the critical eigenvalue, and a
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Figure 1: Nonlinear frequency response (top) showing sweeps up
(blue) and down (red), compared to predicted frequency response
(black), for the device shown in Figure 4. The jump events of
interest are indicated. Eigenvalues of the fixed point at zero
(bottom), real (blue) and imaginary (red) parts. Black dashed line
illustrates the linear sweep approximation. Dots (green) show
mean values of measured escape events from Figure 5.

35 T T T T T T
20 5 Experimental and 0.005 Hz/sec
30+ H theoretical distributions 7
o with means matched.
15 [
25¢ Cd
o
10 1
20¢ ‘
i '
Y IR
v
15+ A “
0 - A
0 0.1
10+ Bifurcation Parameter n
50 0.3 Hz/sec

0 L s et
8481 8481.5 8482 8482.5 8483 8483.5 8484 8484
Frequency (Hz)
Figure 2: Distributions of jump events for a variety of sweep rates
at ambient noise. Jump events result from thermal and electrical
noise with effective temperature T=388.7°°K. Inset shows three
distributions for a=0.041 along with mean-value-shifted measured
distribution, as described in the text.

collapse onto an attendant one-dimensional manifold. When noise
is present, the reduction onto the slow manifold must
simultaneously treat the deterministic and stochastic aspects of the
system [6]. We assume the noise to be additive, Gaussian, and
white. For the subcritical pitchfork bifurcation the nondimensional
stochastic normal form is given by

i =2nx +4x° +/DE&1), (1

where x is the dynamic state on the slow manifold, n is the
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bifurcation parameter (proportional to the slow eigenvalue) taken
to be zero at the bifurcation point, D is the effective noise strength,
and & is a Gaussian white noise process with zero mean and
covariance equal to 2. The system can be thought of as a particle
in a time-varying potential, as illustrated in Figure 3, subject to a
random force. As the system is swept through the bifurcation
point, 1 changes from negative to positive, resulting in the change
of the effective potential as shown in Figure 3, and a loss of local
stability at x=0. To create a simple linear sweep model, we
approximate this change with a first order expansion of 7 in time.
Thus, we assume

n=mn,+rt,n, <0, and r >0, 2)
where r is the effective sweep rate and is proportional to the lab
frame sweep rate (e.g., the time rate of change of the forcing
frequency). The linear approximation of the bifurcation parameter
corresponds to a linear approximation of the slow eigenvalue,
shown in Figure 1 (bottom). This approximation is valid as long as
escape occurs close to the bifurcation. Since 7 is linearly related
to time, we replace time in equation (1) with bifurcation parameter
and scale according to

7= P x = r1/4y' 3)
This yields the one-parameter normal form,

%=2ry+4y3 +Va&), @)

a=D/r. ®)

Equation (4) universally captures the dynamics near a subcritical
pitchfork bifurcation during a parameter sweep, and thus the model
is not device dependant, but is broadly applicable in the manner of
a normal form. Equation (4) allows one to solve for a one-
parameter family of normalized escape distributions. These
normalized distributions describe the probability density of a jump
event occurring at a specific 7. The single parameter, o, is the
ratio of noise strength to sweep rate.

As stated above, the model employed in this work is local to
the vicinity of the bifurcation point. Accordingly, we define a
jump event to have occurred when y escapes to . Closed form
approximate solutions for the distribution of jump events may be
found when « is either very small or very large compared to unity
[6]. In the interim region the problem must be solved numerically
[7]. These solutions are identical for a large class of initial
conditions because the system is diffusive and settles into a quasi-
steady-state early in the sweep process [7,8].

The escape distributions found by solving equation (4) are
functions of 7and depend on the single parameter, o. Equation (3)
is used to transform these solutions into functions of the
bifurcation parameter 7, which now depend on two parameters, r
and D. Thus for two sets of » and D that have identical ratio, the
escape distributions, as a function of the bifurcation parameter, are
related by a simple scaling. To illustrate this, the inset in Figure 2
shows three escape distributions with identical « but different r
and D. A corresponding experimentally measured distribution is
also shown.  The mean of this experimentally measured
distribution is artificially shifted, for reasons discussed, to compare
its shape with the theoretical curve.

Despite the discrepancy in the mean escape times predicted
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by the model, it is clear that this system exhibits a distribution of
escape events after the bifurcation point. Escape may, in principle,
also occur before the bifurcation point. Whether it is likely to
occur before or after depends on the value of a. For large o the
sweep rate to noise is small and jump events tend to occur before
the bifurcation point is reached; this is known as noise-activated
escape [9-11]. For small a, the sweep rate to noise is large, and
jumps generally occur beyond the bifurcation; this is known as
delayed bifurcation [12-14], which occurs, for example in laser
turn-on dynamics. See [7] for further discussion and references.

Al = o

(@ (b) (©)

Figure 3: Illustration of the effective one-dimensional potential at
three times, before (a), at (b), and after (c) the bifurcation point.
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Figure 4: Experimental setup schematic with SEM of the device
and close ups of the noninterdigitated combdrives and suspension.

EXPERIMENT

The aforementioned MEMS gyroscope is fully characterized
to quantitatively compare experimentally measured jump
distributions with the predictions. The experimental setup is
shown in Figure 4 and consists of a function generator to sweep the
parametric drive frequency, a laser vibrometer to measure the
device response, and a spectrum analyzer to detect bifurcation
events, all controlled in MATLAB.  Frequency is swept
downward; if a jump event is detected, the frequency at which it
occurred is noted, the input voltage is cut to allow the device time
to settle back to the noise floor, and the frequency is returned to a
value well above the bifurcation point before the procedure is
repeated. The actuation voltage was determined to be 15Volts to
allow for a wide frequency window in which escape might occur.
The widest range of frequency sweep rates allowable by the lab
equipment was conducted. The range of sweep rates, 0.004-
0.4Hz/sec, is limited by the interplay of the characteristic response
time of the device, delay in communication between hardware
components, and the resolution of the frequency generator. The
device is placed in vacuum and maintained at ImTorr, resulting in
a quality factor of near 3000.

In order to explore a wide range of sweep rate to noise ratios
(a values), a piezo-element is mounted next to the device and
white noise is injected into the system, inducing random base



excitation. Both the ambient and piezo-enhanced noise are
characterized by fitting a Lorenzian to the resonant peak, which
rises above the laser vibrometer noise floor. The ambient noise is
found to have an effective temperature of 388.7°K.

While the device used in this work exhibits two resonant
modes [5], the drive and sense modes are mismatched by over 7%.
This mismatch permits us to ignore the sense mode and model the
drive mode as a 1DOF mass spring damper system with position
dependent forcing from the non-interdigitated combdrives and
cubic stiffness from the crab-leg suspension. The reduced 1DOF
system dynamics is governed a nonlinear Mathieu equation and
has been studied extensively [15,16],

F+07 2+ 2+ Ml +cosQr)z+ 92 = kaBL g1 6

0
where z is the position, w, is the natural frequency, Q is the
normalized forcing frequency, Q is the quality factor, 1 is the
parametric forcing parameter, y is the nonlinear stiffness
coefficient, kp is Boltzmann’s constant, 7" is temperature, m is the
resonator mass, and & is a white noise force. The device
parameters were determined by fitting the experimental measured
power spectral densities, measured for A=0 (not shown), and
parametric resonance response (Figure 1).

In order to have good statistical confidence, thousands of
jump events were recorded for several sweep rates and noise
levels. The resonant frequency is recorded at the beginning of each
test to correlate the mean of each distribution, thus accounting for
the effects of drift. The drift observed was noted to be periodic,
and correlated to the HVAC cycles of the lab environment.

DISCUSSION

The frequency distributions are shown to be in good
qualitative agreement with theory; see Figures. 5 and 6. As
expected from theory, faster sweep rates result in wider jump
distributions and a shift in the mean value further past the
bifurcation frequency. Figures. 5 and 6 show data and theoretical
curves (from equation (4)) for the normalized values of escape
mean and variance respectively. The data points appearing inside
the box with heading “gyro” correspond to experiments done under
ambient noise.  The remaining data points correspond to
experiments in which artificial noise was added. The boxes with
headings “Manalis” and “Roukes” illustrate the estimated ranges of
the sweep to noise ratio we expect from devices studied by
Manalis [17] and Roukes [18], were they to be operated under
thermal noise in a manner similar to the gyro. This illustrates how
the effect of thermal noise depends on device size, as the Manalis
device is 140, and the Roukes device is 242, times smaller (by
mass) than the gyro. The strength of thermal noise was estimated
according to the fluctuation-dissipation theorem. Thus the quality
factors of these devices come into play as well. They are 15000
and 1200 for the Manalis and Roukes devices, respectively. It is
interesting to note that even with the smallest device, thermal noise
is still hardly sufficient to result in noise-activated escape before
the bifurcation.

Both the mean and variance are underestimated by the theory,
as seen in Figures 5 and 6. We suspect that this is because the
escape events are occurring sufficiently far past the bifurcation
point that the first order series expansion approximation of 7
breaks down. In Figure 1 green dots illustrate the mean values of
escape frequencies (under ambient noise) and in Figure 1 (bottom)
the black line illustrates the linear approximation. It is clear that
the unstable eigenvalue is not linear in frequency over the range of
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Figure 6: Normalized variance of frequency jump events plotted
against theoretical curve. Slope of theoretical curve is about 1.

escape events. Accordingly, the hill shaped potential after the
bifurcation point, Figure 3c, is not as sharp as our model predicts.
This means that it takes more time for the system ‘particle’ to roll
down the hill, and thus escape occurs later than predicted. It is
because of this underestimation in the mean that we shifted the
measured distribution displayed in the inset of Figure 2 in order to
compare it with theory. The variance, and even the skewness (not
shown), of this data matches the prediction very well. A modified
theory that more accurately describes the variation of the
eigenvalue may yield improved results.

One interesting application of these results is the
determination of the sweep rate for a given noise level that
provides the best estimate the bifurcation point within some
confidence interval. Such a result is applicable when considering
bifurcation point tracking as a means of mass sensing [4]. We
choose a confidence interval about an estimated bifurcation point
in which the real bifurcation point should exist with 90%
probability. This calculation was done using the linear sweep 1D
model and assuming a finite number of measurements is the only
source of uncertainty. The estimated bifurcation point is found
from the measured mean and variance of escape events, and using
the theoretical result curves shown in Figures 5 and 6. The
normalized confidence interval is shown in Figure 7. Here reset



Non-Adiabatic

Optimal D/r

L L
-2 0

Adiabatic

[
<

(N/r)ll 2«Confidence Interval

2

10

4

10
Noise to Sweep Ratio a=D/r

Figure 7: For a given noise level, sweep rate parameter r can be
chosen to minimize the confidence interval or maximize sensitivity.

time was ignored and it was assumed that the number of escape
events is N=crT, where c is some constant, r is the sweep rate, and
T is the measurement time. Thus, we can use this result to
determine the optimal sweep rate, given a fixed measurement time.
The optimal normalized sweep rate turns out to be in the non-
adiabatic region (small «), resulting in delayed bifurcations.
However, since thermal noise is relatively small in MEMS devices,
this rate may correspond to a relatively slow sweep in the lab
frame. In order to increase measurement speed the optimal value
of a could be achieved by increasing noise, rather than decreasing
sweep rate. This suggests that adding noise might aid in rapidly
locating bifurcation points, an interesting and counterintuitive
result since noise typically broadens distributions and decreases
sensitivity. In this case, however, it is seen from Figure 6 that the
variance of escape distributions is not increased by adding noise, at
least not until a great deal of noise has been added.

CONCLUSION

A 1D model for escape as a result of a linear parameter sweep
through a pitchfork bifurcation was used to model escape events
encountered in a noisy MEMS parametric resonator. The MEMS
device was tested over a wide range of sweep rates and noise
levels. Qualitative trends from measured data were found to be in
good agreement with those predicted by theory, and variances
matched quantitatively. These results illustrate the processes
involved in a stochastic-dynamic bifurcations and point out the key
noise to sweep rate relationship that must be understood to use this
phenomenon for sensing. The model is generic and can be applied
to a wide range of systems. By using the developed theory and
investigating the role between noise and sweep rate, it is shown
that an optimal sweep rate exists for reducing the confidence
interval on the location of a bifurcation point, which can then be
directly applied to determining sensitivity values in bifurcation
detection schemes. Moreover, it is shown that for MEMS devices
with small effective thermal noise, adding additional noise may
decrease measurement time, or conversely, increase sensitivity.
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