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ABSTRACT 

This paper investigates a new method for tracking 
parameters at which dynamic bifurcations occur in 
MEMS based on state statistics of a resonator.  
Experimental results show that observed changes in phase 
and amplitude precede a sub-critical pitchfork 
bifurcation. Feedback control, based on the statistics of 
the phase, is then employed to stabilize a device on the 
edge of instability. Sensitivity to changes in device 
parameters is explored and initial results show high 
sensitivity is obtained for low vibration amplitudes. 
Furthermore, experimental results on the same device 
using an older method of bifurcation sensing show 
acquisition rate improvement by over three orders of 
magnitude with the new method. 
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INTRODUCTION 

The small size of MEMS and their integration with 
electronics provide fast, precise and highly sensitive 
measurement of changes in their parameters which has 
mass sensing applications [1-5].  Linear mass sensing is 
based on the correlation between shifts in device resonant 
frequency and acquired mass.  As linear mass sensing has 
become the standard for MEMS mass sensing, 
fundamental thermo-mechanical noise limitations in both 
linear and parametrically amplified resonators have been 
derived [6,7].  Although large amplitude oscillations are 
favorable to increase the signal to noise ratio, it has been 
established that no improvement is gained using 
parametric amplification over sensors operated in the 
linear regime [6]. 

Utilizing bifurcations in MEMS resonators has been 
introduced as a different approach to mass sensing. 
Bifurcations are purely nonlinear phenomena that exhibit 
qualitative changes in dynamics where fixed points can be 
created or destroyed, or change in stability [8].  
Bifurcation mass sensing is founded on the correlation 
between shifts in bifurcation points and acquired mass.  
Previous bifurcation sensing techniques require 
parametric excitation parameters to be swept towards a 
sub-critical pitchfork bifurcation point until a “jump 
event” in amplitude is observed and its location is noted 
[9-11].  Limitations on mass sensitivity resolution of 
bifurcation sweep sensing methods are also due to 
thermo-mechanical noise which blurs the location of the 
jump event.  The role excitation parameter sweep rate and 
resonator noise strength has in blurring the distribution of 
jump events has been shown over a wide range of sweep 
rate to noise strength ratios [11].   

 
Figure 1: Dashed line represents the “wedge of instability,” 
inside of which zero vibration amplitude goes unstable. The 
dashed line is found experimentally by sweeping the frequency 
at actuation voltages between 11 and 20 Volts. For two given 
frequencies, represented by diamonds, the voltage is swept 
using bifurcation based approach. Solid black line is fit in 
proximity to the controller set point using the voltage and 
frequency sweep distributions. 
 

Because the vibration amplitude of the jump event is 
pushed into the nonlinear regime, bifurcation sensing has 
been shown to perform well in circumstances where 
measurement noise is the dominant source of parameter 
uncertainty [10].  Time is required after each jump event 
to reset the system back to appropriate initial conditions 
and hysteresis must be avoided to allow consecutive 
parameter sweeps to take place.  The reset time greatly 
impedes the acquisition rate making it vulnerable to slow 
changes in environmental conditions and excludes it from 
dynamic parameter sensing applications. 

In this paper we take an entirely different approach 
than either linear sensing or previous bifurcation 
sweeping methods.  By controlling the excitation 
parameters, we stabilize a resonator near a bifurcation 
point based on statistics of its squeezed state which act as 
a precursor to the jump event.  The required control 
action, proportional to statistics of the state, is then 
indicative of the device's proximity to the bifurcation 
point.  Since no jump event takes place, long settling 
times and hysteresis are avoided.  This enables acquisition 
rate improvement over previous bifurcation sweeping 
methods.  Another advantage of this method is the 
restrained vibration amplitudes at which measurements 
take place.  As opposed to previous bifurcation and linear 
sensing methods, this technique keeps the amplitude of 
vibration small while still allowing for sensitive 
measurements.  We show an improved acquisition rate 
over previous bifurcation sweeping methods and 
demonstrate low amplitude vibration is maintained 
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through experimental results for a controller based on 
observing the squeezed state of a parametrically excited 
resonator. 

 
Figure 2: Experimental and simulated escape event.  Squeezing 
onto and motion along the slow manifold occur on time scales 
T1 and T2 respectively, illustrated by their associated arrows. 
Two fixed points exist 1800 apart. The fastest time scale is the 
period of oscillation, T0 = 0.11mSec 
 
CONTROLLER OPERATION 

The device used as a prototype for noise squeezing 
control is a parametrically excited gyroscope that has 
been fully characterized including nonlinear parameters 
encountered during a sub-critical pitchfork bifurcation 
[12].  Although the gyroscope is a two degree of freedom 
system, the drive and sense mode are mismatched by over 
7% which permits each mode to be studied separately.  
The drive mode has a resonant frequency near 8448Hz 
and a quality factor in vacuum near 3000.  Drive mode 
actuation is applied through non-interdigitated comb 
drives resulting in a forcing strength dependent on both 
the resonator position and the applied voltage.  The single 
degree of freedom motion in the drive mode is governed 
by a nonlinear Mathieu equation (1) where z is the 
position of the resonator, the overdot represents time 
derivative, Γ is the scaled damping coefficient, ω0 is the 
resonant frequency, δ is the forcing applied at 
approximately twice the resonant frequency, γ is the cubic 
nonlinearity and ξ is white noise with strength D.  
Equation (1) has been studied extensively in the context 
of MEMS [9-16]. 

ሷݖ  ൅ ሶݖ߁2 ൅ ߱଴ଶሺ1 ൅ δ ൅ δcos ݖሻݐ2߱ ൅ ଷݖߛ ൌ  ሻݐሺߦ
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In this work, we show experimental evidence of two 

features: the “wedge of instability” region or transition 
curve and the existence of a slow manifold.  Both features 
are predicted for device behavior governed by equation 
(1) and are essential for controller operation.  First, Fig. 1 
shows the experimental boundary for the “wedge of 
instability.”  The wedge location, dashed line in Fig. 1, is 
obtained by sweeping the excitation frequency near twice 

the resonant frequency at voltages between 12 and 20 
Volts.  For excitation voltages and frequencies inside the 
wedge, the zero solution of equation (1) goes unstable.  
The loss of stability is due to either a sub-critical or 
supercritical pitchfork bifurcation which, for our device, 
occurs along the right or left side of the wedge 
respectively.  It should be noted the device response 
occurs at half the excitation frequency. 

To investigate the existence of the slow manifold, a 
change of coordinates (q1,q2) into a frame rotating at the 
response frequency is used.  In the rotating frame, the 
amplitude of vibration is represented by the sum of 
squares q1 and q2.  The phase of oscillation with respect to 
the excitation frequency is the two argument tangent of q1 
and q2.  Figure 2 shows the escape trajectory in the 
rotating frame during a sub-critical pitchfork bifurcation.  
We observe the zero state losses stability and moves along 
an existent slow manifold to a stable fixed point of large 
vibration amplitude.  Also note the symmetric two 
solutions 1800 apart.  Experimental investigation of the 
slow manifold verifies a separation time scales, illustrated 
by their arrows in Fig. 2.  The fastest time scale is the 
natural period of oscillation T0, shown in the lower inset 
of Fig. 2.  The next fastest time scale, T1 is the collapse 
onto the slow manifold, inversely proportional to the 
damping.  The slowest time scale is the motion along the 
slow manifold, T2.  The collapse onto and then motion 
along the slow manifold are shown in the upper inset of 
Fig. 2.  Notice the motion along the slow manifold, T2 ≈ 
8Sec, is much slower than the natural period of oscillation 
T0 = 0.11mSec. 

The sub-critical pitchfork bifurcation encountered at 
excitation parameters defined by the wedge and the 
subsequent collapse onto the slow manifold are the two 
phenomena used in controller operation.  Near the 
bifurcation point, the state of the device is squeezed onto 
the slow manifold, greatly reducing the variance of the 
phase, shown in the upper inset of Fig. 2.  By using the 
variance of the phase as a precursor to bifurcation, the 
controller exploits the separation of time scales to adjust 
the excitation parameters such that the squeezed state is 
maintained but the jump event is avoided. 
 
EXPERIMENT 

The experimental setup is shown in Fig. 3.  A 
function generator supplies the excitation voltage at a 
frequency near twice the resonant frequency.  The laser 
vibrometer is used to measure the device velocity.  The 
velocity signal is sent to a phase lock amplifier, PLA, 
which transforms the signal into the rotating frame at half 
the drive frequency.  The PLA provides amplitude and 
phase information to the controller.  The controller is 
implemented on a National Instruments CompactRIO 
platform which contains a field programmable gate array 
(FPGA). 

The replacement of fast dedicated analog circuits 
with digital control is made possible by the separation of 
time scales.  The digital controller operation is shown
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Figure 3: Function generator provides a drive signal near 
twice the resonant frequency while simultaneously a trigger to 
the phase lock amplifier (PLA) at response frequency. Control 
is carried out on an FPGA which uses statistics of amplitude 
and phase from the PLA to modify drive amplitude and 
maintain proximity to the bifurcation point. Experimental 
approach and lock-in stage of the controller is shown below. 
 
schematically in the idea of cloud Fig. 3.  First, the 
controller sweeps voltage downward towards the wedge 
during the approach stage, experimental control action is 
shown in the lower section of Fig. 3.  During approach, 
the phase is randomly distributed between ±π resulting in 
a variance of 2.42. Suddenly, in close proximity to the 
critical point and on the time scale of T1, the phase 
collapses onto the attendant manifold reducing the phase 
variance to 0.02.  The digital controller switches gains in 
the lock-in stage and maintains the small variance of the 
squeezed state but stays far enough away from the critical 
point to avoid the jump event to either stable fixed point 
shown in Fig. 2. 

Amplitude and phase of the device is shown during 
the approach and lock-in stage of the controller operation 
in Fig. 4.  Notice that although the amplitude stays small, 
the phase variance is noticeably squeezed by two orders 
of magnitude making it a viable metric for control. 
 
DISCUSSION 

To increase sensitivity, linear mass sensing strategies 
have pushed the amplitude of oscillation to its limits of 
linearity and control beyond the critical point has also 
been studied [17].  Bifurcation sweeping produces 
amplitudes governed by device nonlinearity and 
consequently larger signal to noise ratios can be obtained 
[10].  In Fig. 4 we show the amplitude is kept very small 
in comparison to the bifurcation sweeping or linear 
methods applied to this device. 

Displacement at the forcing frequency is present due 
to the direct forcing component from the comb drives. 
The parasitic displacement is shown in Fig. 5.  Note that 

 
Figure 4: Distribution of vibration amplitude during 
“approach” and at controller “lock-in.” For vibration 
amplitude comparison, typical amplitudes required of linear 
sensing and those observed during bifurcation sweeping 
methods are shown for this device. 
 
the displacement stays constant throughout controller 
operation and is appreciable to the displacement signal of 
interest at the response frequency during both the 
approach and lock-in stage of control.  The parasitic 
displacement is negligible in comparison to vibration 
amplitudes achieved during linear or bifurcation 
sweeping sensing methods.  Noise squeezing control, 
which utilizes low vibration amplitude, not only reduces 
fatigue, but may also provide new capability for 
applications where large vibration amplitudes hinder 
measurements. 

 
Figure 5: Displacement amplitude is shown for a wide band of 
frequencies. The response frequency occurs at half the drive 
frequency and at amplitude of five times less during the 
approach stage of the controller. 
 

The sensitivity and acquisition rate of the noise 
squeezing controller are compared with the previous 
bifurcation sweeping method in Fig. 6. In Fig. 6 (A), the 
normalized error obtained by sweeping the frequency 
using the old bifurcation method is compared with the 
normalized error in voltage uncertainty from the noise 
squeezing controller.  Both methods achieve a normalized 
excitation parameter uncertainty of width ±5x10-5.  In 
Fig.6 (B), the voltage distribution obtained by sweeping 
the voltage using the old bifurcation method is compared 
with the voltage distribution from the noise squeezing 
controller.  The noise squeezing controller provides a 
voltage distribution that is over one hundred times 
narrower than voltage distribution obtained using the old 
bifurcation sweeping [11]. 

The acquisition rate for both bifurcation voltage and 
frequency sweeping methods are nearly equal measuring 
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Figure 6: Controller voltage distribution (circles) is compared 
against experimental bifurcation sweeping of the frequency (A) 
and the voltage (B). 
 
approximately 2 escape events per minute.  For both 
frequency and voltage parameter sweeps, the upper limit 
of acquisition rate was achieved.  Their acquisition rate 
similarity was not designed into the experiment but is a 
consequence of the maximum allowable acquisition rate 
dictated by requirements of initial conditions.  Notice in 
Fig. 6 (A) that for the same normalized error in parameter 
uncertainty, indicative of minimum mass resolution, 
noise squeezing control outperforms the old method's 
acquisition rate by over three orders of magnitude. 

Using the slope of the fit line in Fig. 1, the minimum 
frequency resolution is determined to be near 0.2mHz.  It 
has been shown that the transition curve can be designed 
in the fabrication process and is also tunable [16].  The 
noise squeezing mass sensitivity may be further enhanced 
by designing the transition curve to have points of very 
steep slope and operating the controller near one of these 
points. 

 
CONCLUSION 

The sensitivity and acquisition rate is investigated for 
a new sensing method based on the squeezed state of a 
resonator near critical points.  Experimental verification 
of the transition curve, the separation of time scales and 
noise squeezing, all essential to controller operation, are 
shown.  Noise squeezing control acquisition rate is found 
to be over three orders of magnitude better than previous 
bifurcation sweeping methods and high sensitivity is 
shown for low amplitude vibrations. 
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